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i—- DIMENSlONAL DIAGRANS

When wvi-|'iu3 / veading cabeqovy theovy, Ca{;e@m have dhe axioms Aot

we dendte (§;4) as mae +these dia presesve Nneir
ﬂ g B : C_ Volue under dilfevent veadivgs .
B L A [ 8 9 (4 W ® .= ('233\;\‘\
\oci wes ‘73 s omd points = 9:(aik),
\’3 I??m. ve:e obkain ?:. - &ivnz:\siawu\ ( assoclati uﬂ'ﬂ)
A.‘.osv\mm. a
A B c £ = (hiud) = 4 = (4, ).
T 3 = (’X ;3) ( umibaleby)
: = g Theve ic a umigue wovphisw beld

eac\ Aicsnmm.
Cﬁmpos'c\'iov\ is concokenskion.



THE PR.O(_E.SS INTERPRETAT\ON

We 'w\{:eqwek objects as Sjs'l'ems or
resouvces; we ivterpret movpisms
as Processes hmciimj twese

veSownrces. ComPosima sequevtially

mulkigde processes, we get wew owes.

N N N N
+4 8 = X2+ L \ |—

However, we may wank to
Cowsidev wmuthiple osmieties awd
peocesses tn Pmm.\\z\. We staut
usi-\hﬂ 2-dimensional S‘\'v-iuj Ataavams

~ Sq N
g P + R
PY I\ o N
X +
2 N 4 N

What ave the data and ‘we eq\m!a:av\s we need to wmake sevse
Og khese  L-dimensional S\’v"ms Aio.snaw\s 7 Mowoidal CakesovieS.



MOTIVAT ING MONomaL CnTEGoRles

Derinmon. A monoidel cotegowy is a
CAEe.gous C with, ,?of eacw tuwo objecks ,
N ond B, the tensor objeck AOB,
A
= 8

Ca—

and Yor each two movphisms {00
and 3: B-‘B‘, Me tensor W\o'r?\n.tsm
-Y@S: AeB -» Ael.

(e (" s-ﬁ)=(‘; ﬁ_)

AeB

We sk (@):€C*xC =€ % te o dudor.

Tt hes o weik dbject: Teool.

We. need some noXuval Somowpluisms ,
: A0 (BOC) — (ReB)eC,
)g: IeA —-A Y
Pa: AeT -~ 0,

T\neﬂ will be invisible ouder 4he graplical

calealus,

—IAP—z —

o [ g s —

1 il

il

a;-.-;

E\levs gomo.\ equo:\iov\ bebween
OAP.®,id  wust ZWo\d.

T is 4o Soy &iasvow\s wowk .
Ex: >\:: = f:



A NTERCHANGE ‘_F\\J

THeoreM (T wtercn law ).
Le\: (M. @.1 l!. @ moweidal CD&CSD% o,uA

let M—»B ond 9 A L movphisws,

The iterchauqe law  sags:

(20%&0 : (‘Aeefh = (‘dgﬁs\; (Q 0(4\3) .

A —$ 8 A £

f——3 ¢ +—3 ®

T‘M am?\kical callealus  wmaMes J(\ms law o &Qorwd"\'ou.

) £ 8
o q Ly

Proor. Ve weed Yo e At () is

o Junctor.

(Reids) : (4ees)
@a.am; @ (s.3)
e?(?.aau\:(ede,s))
;((x;im.umm
@i@.s\

leg

nofation
®isa ch*u‘
C%fos'&\'m in €€

idenbdiee ave meovel

wotakion



CO HERENCE FOR MONO\DAL CATEGOR\ES.

ExAMPLE. Twe ?o“owiﬂ ¢quo:\'€ou hods
(heR)eT —= feB

“u:l, dy@pa
Olops (k\hﬁ PB\ 2 Pres
D\Oﬂmms mole ‘“uc equa"iov\ twvisibe.

8 ——=R-n A

T B=B____.(5

T
RemArxk. ?rov'ws ot Somc“wﬂ s o
h\mida\ Co&&aovn would & \levﬁ A:w;w\t.

we weed 4o ghow thet ALL dn.osvmms Comunde

The CoveRence THEOREM makes ik easies.

THEOREM (CO‘\C‘WC). Ig ‘“‘6 R"“"‘m‘j
[\ [} [} . "

oaohs oud "r \es Cwm*e,
&m ol ?wm\ egua:;?as wade 0p
og Ol,)\,?. id, ® hold,

v, (A08) e(coD)
(@emec)ep \
woid | 1 fe(Be(cen))
(he(zec)) @0 / 4ea
= fe((Bec)eD)

(heT)o®  ro=
x| # feB
Ne(xeB) e



SETS IS A MONO\DF\L CHTEGORY

PROPOSITION . Ve Cakesovn oQ sets Was a

Aud Q:MX\S e e cdneveuce theoven to Sw.t |

moneide\  Shructuce (SeTs' x, 1) wth e ovkesion chek de J(v:a..ﬁh oud ?m\-os.m egpakions.,

'woéoct and e sivﬂ\e’tw et

Pcmg. We Vowe alrendy Je?\wal the cutesionn
produck  (IxB = {@D]aech beBY. Ve can also
bhoe fe puotick o) worghioms. (Bg): BB~ 1B
s (g"S\ (a,b) = (2«,3\5. The is Qtnd’cou‘ok, wd
Ve cam check twek yia ements,

(axid) G@.®) = (a,0)

e )0xa)(ab) = (o gab) = BFxgq) o)
We toke the umit ko be L={#} the Sigleton
seb,

Now, we can AGQ\M e notord iSamovl()(»:cws.

Axa) =0 P(o.,x) =0 u((o.‘o),c\ = (a, (b,

(4 20) & (@) = (@eX) (a,(x0)) = (a,b)
=(pid ((a#.¥),

xa (((a9),0).4) = ¢ (a1, (cd))
= (a'(b‘("‘“h = (dxo(s (n,((b.c),d\\

= (ﬁxu\&((a.(b.c\\,d)
= choc\ a,(ux'd\ (((“l\'h. ‘\:A)-

Execcice. Sek is oleo o monoidal,
m‘&“ﬁ with e Ais&oivzt Uwion ,,Q
ceks avd fhe empty sek (Ser,+,0).



[ XAMPLES OF MONO\DQL CQTEGOR\/

EXAMPLE. The coteqony of sebs aud  EXAMPLE. |he cakeqony of ks aud
chkov\s (SE.‘\‘, X, &.\, using ) ‘wo&..a& welakions (REI., x i), ":Akius velations
o J:A=B ad 4: =B os fesor  R:A=B ad S: A8 to the relabion
(eg): Axhr— B3 RxS: el —> B+’ guan

Oxg) @) = (Ja, g0). () Res (64 = (aR) (aS)
The unik s *’ue S\uj*e"mn sek . The vk agoin —l\,\e Giwsld‘ov\ cet,
Fruwr
citvus . taste
4 " N 30U FLAVOUR
™ N
+ Co X

" ™ DCQRV\'\\"OV\S'.

abvus : Laste: Souv':

(o) lemon) (lewon, W) (Sooc, »)
(-, w"‘ﬂe) (Muse, SDIN‘\
(orouse, swat)



_ XAMPLES OF MONO\DQL CQTEGORY

EX““PLE. The Cok.e%ovta OQ Sels oud E)(AMPLE. T\ne. Cn.hescv:j 02 @ts ad

chkov\s (sex, x, L), usina e produck
A D RB ad g0 BB oo e
(ug): AxA — Bt

(gxﬁ\(a,«‘\ = (90.,3‘&\.

velokions (Rev, x, 4), toking velodions

R:A—=B ad S: Q'8 Lo the relakcon

RxS: A= — BB’ guen by
(a) Rxs (b)) = (aRb)*(aSH)

’“Ile unik iS Yhe Stuj(e‘rou\ sk . The vwit s aqpin ‘“ne Giws‘d‘m Set,

cirvus

FRuir

N
1 R N N 30uv
+ Co b S
IN
N DeQini\'iov\s:
a’w\u :

taste:

L.l \‘“‘“‘\ (‘e"“"- w)
(' ' w"‘s‘) (M\AS@, 50'”‘\

(ofony, Mk)

FLAVOUR
is dhe. face o :

Souv.

(sove, o)



_ XAMPLES OF MONO\DQL CQTEGoRY

EXAMPLE. Twe Ca{’.e%owﬁ 09. vector Spetes ExAMPLE. [he “h&"‘ﬂ 02 Mo?.,«l—\ws of

awd \ineovr Juuckions (VEC", ®, R\ , Qungy “teﬁ"ﬂ ond  notumal M?UV‘Mb:DU\S

tivg (P ¥):AGB — ROB Lo be ddued by (TCC1,+,Zd) ik wxp: FoP' =46
e by

(to¥) (2 Xy (W"ﬁ) =T (fas o), FF'X <2 GF'X
’ E #he Gathx | eps
The ok is ‘R; the same wovKs Qor R-mw\u\es Fix >‘6£x

:?w O wk\nun N.vs R. .
. y The wit s te dedity Joucto To.
‘? 3 T\nis Caﬁ@ug & ok movoidal.

= v (‘& :3}

ST ey,




ST?\\CT MONO\DAL CQTEGOR\ES

DEF\N\T\ON. A monoidol c:&eﬁo s

S{:ﬁct whewn ossouolors ond wwkows Gme \
tdentiby nokunol Mnsacformetions, This wetes  A@(86C)

he(Bec) = (Aer)ecC,
AeT =A=TeAR.

TueoRem (S*dd;?@&;,“)‘ Evewn movoidal \v
“‘"‘8"“:1 is equivalent o o s\v\‘d::tm. Ae (8ec)
A diagrars  commote .

ProoF. Uk embed o wooidal. M ko o . -
hwict movoidol ccuteso M5 The a.,&esr,,:! Whis Cni'ew s Shwck, witw
M \as dﬁques og cow‘:?m QSome\.:.cms =i, A=id,p=i4, "
0S da(edcs omd ?w«l‘cs o& WorpWisms between  Whe incusion i: M — M
Yrem as W\O"‘p\v:SW\S; m\ﬁiuj eac\n A;asm alse Qresesves Yesous.
Commuke. () e i®) = i(peB).



ST?\\C(’ MONO\DAL Cm'EGOR\ES (anp Dmc,aaus)

L)

Chring divaroms olone determive o.
mof;é&:l:asom\a on O S"v‘id: Cn.\:eSoua

A

| §

W

-3
(4

3

— 0

—

c

Qeu)eid); a; (4 gg)i o'; (weid)
( :(A eB)@Cs—v (heB)eC

\Je. Ca?m A\rowu og&uo. Y ownS gor -\\ne
shweckilcokion a. wowolidol ,
W e domada a.,:kk\\?ﬁ
Codomain, dekerminiag the hovgnism.

ond  fwew

Ae (8ec)
A diograms  commute..




ST?\\CT MONO\DI-\L CATEGOR\ES (anp D\%RAMQ

aE——

Stﬁuﬂ c\.:asv\ms olove defermive o (A°I)°(3°C)/
W\ovl‘?\vu\m Ov\\ﬂ on o shvick Cd:é&oua

~

A —{¢ h—-—a
8 — &
c-———sL__.c

(Xeu\\@ic\)}a;(d \;0(‘; (\n id)
( (A ®B8) @23—’ (:QB)OC

A“ AA.O%MJMS Comm‘he.

\Je com A\rw &Co.smms gor -\Me
s\'Wd’.(Q\‘mbtu og o wmowoldol cm’ce,syan ,
cobomasn, A.e’cexrmwtus Boe W\DV‘?\IGSM.



ST?\\(T MONO\DAL CATEGOR\ES (GND DlﬁGRAMS)

L

Skma &:asms olowe determive o (RGIV(BOC)
movrpwisw owly ow a stvick cake . \ / N /
e 3 9 Ae (Bec) ) lk (AeB)®C

n —{s Nl :

8 — B

(4 3 -

(Jou): (4 eg)ia’s (o) |
: fe(BeC)—> Ae(BOC) e (Bec) (heB)®C

A“ ALO.SM.W\S Cow\wwu‘he.

\Je. Conm Avw &uo.smms gor '\’M-
S*ﬁc\:l?{co.h'u o} o wonotdal cnkeaoun,
omd den Pk fe domain and dwe
cobomain, Ae'ceu-m-:ﬁ M mv‘w&sm.



ST&\C\'\F\CP\T\OM

AEn——

lek M be o. movoidal ““k"‘&"“& T4s
s'\'uit_b'-?\'ca‘hon, M$t kas
° Ob'\ed:s c\ig‘us og coneneunce Bamw?\isms'

" N(peT)e(Bec)”
(ReB)eC As(gec)”
/ \...

they ommube becavse o the dfinkion.

— 0
) hl—s

y Mov?\aisms ove Qu.;\m oQ mov pwisms

oomwu’cin‘s with  cohevence Nques,

< "\(a/em(a@cv
(neB)oC _J_\L\Ao(ggc) -
/ N\

. ) (ceT)eD
NULS \ .
CeD ce(Dex)”

4 N

% &‘x\:ev\ Com?ovoeub deXermines al\
evs by isomorphism.



\A’e wse e mbe&&“ﬂ Lo vead &:a.sravns.

STK\C\-\F\ CP\T \ON for 0. f@B~C, g: CO(TEC)> DeE,

L)

A —
\We b onbedding M M LS
e howe o e)m . al_.
“(AeR)eT — (Ao'r.)eb
A ® B \\\ R?B/ /1 CM be 'lvfl‘er(wdec\ with A.fpfemt dowoius .,
% ~ (he®)o(coT) — l-\o(soc)/m
¢ t A (ReByec /.
< (comvor )L cor \
~c<Z..
(coc)
The ewbedding  presevves Yewsovs.
e(feB) = e(p)oel8d). \




\A,e wse JM (77 cuw\ ¢ wSs ,
STK\CT\F‘CP\T\ON for {. (—\s&-t, g: C;I:S-’A;g!i'

L)

A —
Ve Vore an orbeddig M — M Sl W
C €
“(AeR)eT — (Ao-:)e&
AeB N R?B/// Can be iwl'errre\'eo\aﬁ (A@8)®C —DeE
d« ~ (he®)o(coT) — Ao(soc)j )
C ‘ \T @emee /..
~ (Cex)oT \—-— Ce1” \
~c<Z..
(cec)es
Tke em\ae.AAiuﬂ presevves Yensovs. >
e(feB) = e(p)eel8). \




\Je wse om! . v L0.qA0WMS
STR\C\-\F\CRT\ON fov §. a&a»iﬁ?ﬂcﬁrx*&g&

L )

A —

st e _|fLe o
We hare am %&Mwﬁ M— M ° "
“(AeR)eT — (Ao‘r.‘)eB
Ao R I geg/ /1 (om be ivrl'errrd'ec\ as ﬂ@(BGC)—-DGE
d‘ | ™ (o) e(ceT) — As(ec)”
C * = (ReByec /..
~(Cex)oT -— Cex”
.\_,C ~— . \ foid .
S (cecrex ce(zec)”

Tke ewt’oed&inﬂ preseves Yensovs.

e(feB) = e(f)eelB).




ST&\CT\F\CRT\ON

L)

We hare om em\oe.Mmg M—M

“(AeB)eT — (Ae‘x:)o&

Ao B N~ pepZ/.
| \
C ¢
"~ (Cex)eT CeI
_/

\
.—=C<.

The em\m\&uﬂ presevves ’femsov's
e(feB) = e(p)eelB)

e wse e embe&&n to vead diagrams.
for 0. R@B~C, g: Ce(roc)-* DeE.

A —

B

£

C

(&

3

— 0

€

(an be iwi'err.-eieo\as HQ(BGC)—‘DG(IGE)

~ (hev)e(CoT) — Ao(soc)j )
\\b (ReB)ec =/ |

N (ceces




%R(-\\DED MONO\DGL CF\TEGOR\ES

DEFINTON. A broided moneidel cafeqouy
is 0. monsidol cobegony endowed wibh o votunal
isomorghism Ohg: AeR — Bef, colled the " vad.\us“ ,

Lol sc&th(es the hexagon eguetiows.

A A
e doncte 0y, by 5 X o a3 by o

TSoMORPHISM :

— O

]

H EXAGON qun-nons :

a )
\J f

X/ = //M A

1 — _/-\____ at

Ohen',g = ng.a;('.dge a'a.,B) )qu: (0},’5 @ ‘Aa“i Kepan

a = A
—

/- = -/\—-B

g._—/ — e'

o"q’Bea‘ = (o.a,seiag') ‘ (ic‘s ® O-D,E‘\ .

DEFINTION. A cymmetivic monsidal
caberpwsy is 0 braided movoidel Cokeqow
with Opei Oga = .‘AGOB'
A
]

. A
‘Je mwke o'Ns""-" X 8

A
B

:



BRQ\DED MONO\DF\L CHTEGOR\ES: EXAMPLES

T (6et,%,4) deve excts o Juckion Hexacon Equamones).
o AxB +BxA defiued a5 g(ab) = (b,a).

T4 has an {wvevce O"(lo a) = (ab); awd & O'n o, 8 ((0- a), 5)
i okl = (b, (ara)

& (o (\-\\ u‘(u&( :\') a)(%au (: y), l),))
—.\r— _ - = &lrxd)o\iax0"] (a,l0,b
_— = o (orvid) o (o (b, a‘))
o'(g(a',b\ = (b, ?o-\ = (it\*ﬂtf(a:h) = “((‘Z"‘\)((&)ﬁ ")

= 0 (,,a et

————-\— '\ = (b' (a,a‘“
O‘(Q s\,\ (35 a.) (5’“4)0‘(0. ‘7)
(gl (gl (va) Exauie (Yug - Bastar equation).




DUMS AND COMPAC" CLOSED CQTEGOR\ES

pEEWI\TION. fn JoiexJ: AecbM i said bo

have o dval A*c ob(M) when thove ave wops
T > ABA*, called it on cp;
g: A*ef — T, called coomt o caps
whicfying the  Snake eguakiovs.

q
E* D ——
a
a*
A = — "
S

DEFINITION . A Ssmw&u:c movoidal cak
M s compac closed i evewy dojeck
s duolinabe.

PROPOS“'\ON R Il\ o. QSW\\MC-(‘V\A;G W\M\‘Ao\
cokequuy, e dust of e dusal s
'\SOW\w?\m:c te e Ou-:aim\., A**= Q.

DEF\N\T\ON. E\leu:j W\ov?\ﬁ;SW\
: A=2B induces o dual W\owP\/v:S‘w
* B A%

g lga‘ o* = E*\‘\:J a%

ProposiTioN, The 5},,\\.,..,@3 equations Weld..

A__l ‘F | - [}
L_—_) =8 I« Dﬂ*
a* S'*‘ & _ a* g

5




DUQLS AND COM?AC\' CLOSED CATEGOR\ES

DEFMITION, fn dojeckt AlebM s saia b

hove o dval A*c ob(M) when theve ave wops
: T > ABA*, colled unit on Gap 3
g: f*el — T, cwled coowt o Cap;
%\1&3'\0\3 the gnake equakiovs.

DEFINITION. A syrmetuce mouoidat cxbigoy
M s compack dosed J ovewy dojeck
s duolinabe.

PROPOS“-ION . Ill O.ag%w\wle"vv:(— W\ov\oitgo\
cokeqoun, the dush of Hre dual s
'lso\mw;a\m:c o dwe ou:ac&k, pr*= AL

DEF\N\‘\"\ON. E\'eu:j ww?\dsw\
%: A8 induces o duel movples sim
* B* — A%,

B. &* | R . B* Ak

Expupte. W dwe cakegouy oQ seks omd
wlobtons we ‘wave “op awd cap.

A
m = {@.a)E* \ o.éﬂ&
m = {* E (a,a) ‘ &GA}



MONOlDS AND COMONOlDS

L )

C\ass'\ca\\sl o monad is o st M ‘}ose{'.)nar with
fonckiows m: MxM =M and e LM, Tiis
&&‘\n‘\’cim Can ke N?aa’(,e& n Qay movacdal Ca’tejw.ﬂ
Wt fensrs and wcks. Reweiting olso s axtom
m(m(ab),c)z “"(“,M(G,on miea >

wla,e\za
DEFWNITION. ﬂ Movsid (n o movoidel Ca’cew
(G ® ,1\ s ok'\e:k M ‘\osejc,\f\ev* with movphisms
m: MeM->M ad e T-M,
g Yk e go\lowimﬁ axioms NI .

_D— == = _D_ onckaliby
~5 > - ssocckiity

Thie AIQIML\?«'.W\ can e va\'&mb& g monoidal.
Cab%ws, bt & can be alo duslized.

DEFINITION . ﬂ Comenoid i C S a mowd in
@or. We \\ave W\ov?\nisms C= __c

c: A—~Nef, d:A-=T, d=—
such Aok the go“owimﬂ axioms old.

—C— = — 5 —C__ covmolity

EXAMPLES.
o (SetxA): vSual mouoids .
e (Mow, %) : oloeliowm woneid
° (To?,x,(*\\= ‘\o?o\oswa.l. wmowoid .
e ([&.&]' °,T¢n" Monad..
e:W>T , ex: X—TX
m:TT=»T, my: TTX —=>TX
m&:—rr.?ﬁx TTTX 5 TTX
/4 %
'R‘Tx i gl 4

TTX -LTX



MONOIDS AND COMONO\DS

EEnEEE———

C\oss'\ca\\bl o monod is o st M “‘oseﬁw with
foncions m: MxM =M aud e L =M, Ths
A&‘\ml:m Can ke m‘:aa{,e& n Gy movaidal Co&ejouﬂ
Wt Yeusors ud ks, Reweikivg also s axiom

DEFINITION. ﬂ Movoid (w bne Cajtesaua,
(SETI x, i\ s [+ Sex M ‘\'DSQ'LM U)iU’\ gm‘\w

-:M"H"M wmd  e:d =M,
ach Ak e go\lowius axioms A4,

"-D__ TV —— D— Uvu'l’a\(-‘g

Le=0Gkz=eo0
= a.ssodakui"la
o-(b -o\ = (a-b)c

Thie Ae?;u:.lziom oan be hn\'mhe& Gy monoidal,
c«b%ws, bt & can ke aleo duslized.

DEFINITION . ﬂ Comenoid i C (s a mowd mn
C"’. We \\auc W\ovr\lvisvns

c: A—+Nef, d:A-T,
uch et the Mlowing axioms beld.

_C_ z2 — -—C_ conhelity
— - &

EXAMPLES.
o (SET,xA-\ : usm WuﬁiAS . E[J(Wu’\{.:u\:\,

e (MowxA): obeliowm movetd %
* (To?,x,{*\)‘ ‘\o\aa\osmcal. wmonoid .
o (€61 -, ) wonad.

wa (Sou'c&-id;(:.,

e:TW>T , Ex: X—TX
M:TTHT, wmy: TTX—TX
TXSTX S TIX TrTx 2= TTX
N A
™ TT% e TX



CQRTES\RN CQTEGOR\ES ARE MONO(DAL

L)

M“SQGMWWMW@Q

wih dements. Coud uwe do fws @ otven

Co&e&w:s? We will e aemevalzed elemends

and Hre Yovedo \ewwma .
TweoReM. Cadtesion cofegouies ave wonsidal.,

Poood. We wrike (0): X—A<B Ly, e
wiigue Movphism with peoectious 2:X Al and
b: X8, Tu order 4o dedve the tonsor (§xg)
W_JC}‘_M. o 2»:.\\‘0/\

(st\ : hom (?., F\*B\ — \wvn(?.. R‘x3‘3

Txa) (@b = (R, o). b32%!
T"\Ls_g_uuc\'w s notuvol on Z. lek h:?,‘-»?.,

(Beg) ()Y = (Bxg) (h,bw) = (fa g =

= G.o,s‘o\\\ ‘-"LQ;S\L«,\,\\'\A.

T\m,hs Yonedo., we have o wovrplaism

(Qeq): Axd — A8\
Ve could have stmply Aﬂ-?me& it as (21\. ,31(-.,\,
bk \w'\'\'iub (Rxs\ (ab) = (2&,35\ gee\s intuitive,
let us show that () is gw.&om as in SETS:
(i& x &) (a,b) = (a/b)

(§% g xg) (@) = (Ha,450)= (g9) (8.

Usivs 3ev~¢m\ae& demedts, we cau dlso Jax:ue vuitors

omd assecicKons.
A(*;‘l\ =0, nefund )\«*‘.“\‘n\ = )‘(*\'\.““ =X(*,°-"\\= ol

plox)=a, whual p(ain)=zp(anh)- platix) = ah
o ((@b,€) = (2, (b)), nakuel
& (L YW = (@, A) = (o (b, ).
We dhedk conevewre comdibtons as in Sev.






