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MoNoIDAL CATEGORIES: PROCESS THEORIES

Monouial cabegories ase an algebm. of parallel and seg
String dingrams are an internal (a:;Juage of monoidal % mposiin.
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MoNoIDAL CATEGORIES: PROCESS THEORIES

Monoidal. cakegories are an algeb
String ding mfr?s ae an intemal r%ax;{uaggr aﬁlftmomrllﬁldal. % composttion.

T @,

Terchonge. Law




Processes arRe PREMONOIDAL
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Processes arRe PREMONOIDAL
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Do -NotaTioN
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Part 4 :  Optics




OPTICS

permion. [et €81 symm. monoidal

fin on'L from A b B with o hole
from' X to ¥ is o pair of morphisms

f:A—XeM,  g:YeM—b,

wrilten. 03 <f19>, and quotienked
by dinokiufolity on M.

(fstideh) | @) =< | (dsh)sg).
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OPTICS

pernmion. (et €,@,1  symm. monoidal

fin opl:iL from A o B with o hole
from' X to ¥ is o pair of morphisms

{A—=XeM,  g¢:YeM—B,

wrilten. 03 <f19>, and quotienked
by dinofiusolity on M-
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OPTICS

pernmion. (et €,,1  symm. monoidal.

fin opl:iL from A o B with o hole
from' X to Y is o pair of morphisms

f:A—XeM,  g:YeM—B,

written. 03 <f19>, and quotienked
by dinokiufolity on M.

(fstideh) | @ = S| (dsh)sg).




OPTICS Form a (ATEGORY
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OPTICS Form A MonowaL CATEGORY
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OPTICS Form a DuoipaL Catecory 7

Seguendng (s 10¢ ot opesakion.: M

[)\;] [XJ s not an object, even 9
when [v] (5] +(§) is defined. |

This is not monoidal, but i is - __:
still promonoidal . ] [B [)\SJ [c] PR

[ ] [y]“’ [HJ




OPTICS Form a DuoiAL CATEGORY 7

Seguencing (s ot an gpeation, &
defines o hom-set o an object {hat
does not really exist.

1Ly is v o djec:

but (3]<(3] +[g) s defied.

This is not monoidal, but i is
still promonoidal .
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OPTICS Form & DuoipAL CaTEGORY 7
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OPTICS Form & DuoipAL CaTEGORY 7

Seguencing (s not an. opemtion, i
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MoNoIDAL CATEGORY

DEFINITION. A morwidal cobegory is o. cabegory € together with Junchors
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PROMONOIDAL CATEGORY

DEFINITION. A promoroidal cabegory is o. cabegory € Logelher wikh. profunchors

Co) GOC=ban Gld: €28 [ ey,
Md. WOL bged:wn.s WQ. mean P" uncl:or CO“\POS!': m.:.

oot GXOYOT)") — C((Xa\/)@z ), § EXeWoz)s) =

o 8&:? Ry ), § [ExeMs)=lyozim).

satisfying the pentngon. and. triongle equabions.

‘.-- ey R T Y RN TR R Y X W - peesy B X X NN ITYY N XX BE N XLY N J



MALLEABLE MuLTiCATEGORIES

[ggni;;qogiﬁgh ﬂgm%&udﬁmiegorg (s o mulkicategory where dinofuol

@) : ("M@« MAYEL) — MATLAD).
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- The full. subrakenory.of malleable. mulicotegories is equi
R i et , e, muliategeries s equbulert




Part 2 : Context Theory




CoNTOUR. 15 ADIOINT To Seice

What is o caronical. algebra. of context on bop of 0. cakegory?
* Each, promonoidol. guwes o free cabegory, confour.
*bach cabegory ges o cofree promonoidal, confext.

Context
= FroMONoIDAL

CATEGORY «_ ™ (atecory
Conbour



Conhoumy promoroidal. cakegories generokes a mtegoty
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CONTEXT For (ATEGORIES

(onsider ‘expressions with, holes in a. Category, like the Jollowing

UmgvemswW fomza, I, a:msb:mscmsd .

These contexts form. a. promonoidal cakegory.
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CONTEXT For. (ATEGORIES
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CoNTOUR 15 ADIOINT To (ONTEXT

What is o caronical. algebra. of context on bop of 0. cakegory?
*Each cabegory gues o cofree promonoidal, confext.
» Each promonoidol guwes o free cabegory, conbour.
Conbext

= FeomoNoIDAL

CATeEGORY «_— CAtecoRy
Conkour



Part 3: ConNTEXT FoR MONOIDAL
(ATEGORIES




MoNoIDAL CONTEXT- CoNTOUR

What is o, canonical. algebra. of decomposikion. on. bop of a. monoidal. cakegory

- Ench monoidal cabegory gives a. cofree produsidal, monoidal context.
* tach produoidal gwes o. free monoidal cabegory, monoidal conbour.

st
MonoioAL ~—— FkobuoioaL
Catecory ~——" CATEGORY

Monotdal.
Conbour



PropuoipAL CATEGORIES

perinmoN. A produoidal is a pair of promonoidals

DK \\/of\\/x\\/-.SET’ V(e sn) : V™= Ser, "sequentiaj.”,
Vo) : VEVeY=Ser,  Wesx):V'=Ser,  “parallel”

Ore loxly distcibutes over the other, %

Y: @apro(CaD) — He(ra(BeD) ,

b dayec Vsequmhm

le: — 4
Py : — :':e: Q 4 'PQ!’OU,CL



MoNOIDAL CoNTOUR

Contouring produoidal. cabegories generotes a. monoidal category,

(+) %kt @/ X=X



MoNOIDAL CoNTOUR

Contouring produoidal. categories generales a. monoidal category. Example.




MONOIDAL ConTEXT

Consider ‘expressions with. holes in. a. monoidal category, like the following
Uy msv; EswW, K, f:(-®-)33, Pl 9.

These Coul'rxts form o produoudal cabegory.
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MoNOIDAL  ConTEXT
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MoNOIDAL  ConTexT
eorem . Opliced. moroidal. ascows are the cofree produwidal. on a monoidal.
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MissING

Splxced, monoidal Qryows hnve some (ssues :
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NEXT

M P («ﬂhzal:wn NORMAL

MoNoipaL 6ODUOIDHL FeobuoipAL
CATEGORY  w— CATEGORY | =~ CATEGORY -
l . > NorMAL
e ~  DUOIDAL DUOIDAL

PemonooL ~ CATEGORY ~——— CATEGORY
Catecory &n'g

Conkour



Part 4 : DUOIDALS




DuoibAL  CATEGORIES

Duoidal categories have two tensoms and. one. dishribukes over
the other. We inberprek

(@ N) oS sequentio). tensor; “X, ond then Ys
- @)3) s pololel {ensor, X and ¥ ot e same tine”

When the unit distribukor is an isomorphism, T=>N, £ is normal
A norial, -symmelvic dwoidal, is o physical. duoidal .

i M. 10



NormaLIZING DuoiDALS

Teorem (barre, Lopez frano). leb (V.o,1,4,N) o duoidal wikke veflexive

Copguolizers, preserved, by (®).  Ther , (Bimod R, 0w, N, <,N) is & vormol
duoidal..

N is The unik of the cwkegory of N@-bimodules, which is wmoneidal,,
Ne(fAqaB)oN — (NaN)@(A4B)e (NaN) — (N@AeN) 4 (NOB®N) — AdB,

but we requite reflexive coequalizers o define the new ensor (@),
ond, these czgquoli}uar.sJ need l:?iqe Presewed bj[l(ca) ,

leNeP = fleB —= feb .



NorMALIZING Propuoipals

meorem. We can ALWAYS nermalize o, Prodiwix{al Category.
Nor V(xsv) = V(x;NevYeN),

Moveover, Nor : Produo — Produo ‘ t monad.,
con(,)sl:m,cting Q. jre(e(,) normalizotio b " on. {dempoten

It is not thal only some duoidels are normolivable. Every duoidal
1S normalizable , but the fesult Moy be o procluoixlal..



MoNOIDAL  ConTEXT

TeoReM . Moroidal context is the cofree preducidal. on a moroidal..
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NORMALIZED MoNOIDAL (ConTEXT

THEOREM . Morwidal. opbics ore. the free rorlizafion. of momoidol confext .
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NEXT

S NORMAL
YMMETRIC " OYMMETRIC @SR SYMMETRIC

ONOIDAL T P&ODUMDAL +  PeovvoipaL
CATeGORY Soomoe  CATEGORY v CATEGORY

1 Mon. Splice 1 Jocolizakion NORI_MAL

MonooaL ——  Peoouoipa. =2 DAL
Carecory ~——— nrseonvs ~ nreeouv -~
) > NorMAL
S > DUOIDAL DUOIDAL
Fbuce.
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NORMALIZED SYMMETRIC MoNoIDAL ConTexT
THEOREM . Monoidol oplics ore the froe Tornulization. of oroidol context.
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OPTICS aRe UNIVERSAL

| NorMAL
IS,\VMMEmc Moo spie  QYMMETRIC @i SYMMETRIC

oNobAL _ v . Peoovopar ~ ~ . PeoovoipaL
Catecory Mhon. Conous ATEGORY  Forgt ATEGORY

1 Mot Solice 1 cadizokion NORlMAL

MonoioaL. —— PEoouolom. = DAL
Carecory ~——— nrseouvs ~— nrseouv -~
. ~~ NorMAL
. . DUOIDAL DUOIDAL
Phce.
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TOWARDS MESSAGE  THEORIES

Optics are the free normalization of the cofree produoidal.
over o. monodal cokegory.

- This explains optics as supermaps or data-accessors .

- BuL oplics also decompase  commurnication. protocols.

O
. / s s tEar‘C

brinas us -
sbmgsdg Message
passuy.




Part O: Message Theories




MESSAGE  THEORIES

Seb of lypes, representing resource ypes: X,V,Z,..
Two ackions for each resource: send. and receive,
X* meons “send X
X° means “Teceive X
Lists of actions represent sequencing of the ackions.
['=X0,Y T W mens “ask for X; send Y and then Z; finally, receive W



MESSAGE  THEORIES

XX A I' A

- NOP LNR

e X T A [T Al

SWFo

Uy nothing is o. session.
: We can, creake. 0. receive-serd, “echo” session.

« We con receive what we just senk.
+ Events con be m&rleaved in, ony order.
* This presenks o. monoidol  multicalesors .



MESSAGE  THEORIES

Duolities Shuffling
r )
A/ TEEA_ T Al
¢ CXKA [LA [TAL
* Doing rothing is o session..

» We can creake o, receive-send “echo” session..
« We con receive what we just senk.

+ Events can be inferleaved. in any order.
* This presenks o. monoidal mulicaliegord .



SHUFFLES

XXXXXX
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SHUFFLES

L) ) O

e

(¢ [ &7 o &« 3] = (o o o] (¢ & ] 3

AL oy

THEOREM. Stuffles form, the free phusical monoidol multicokegory .
. 0 hosackerizafion. of the | to
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POLARIZATION

"lBPo lorization tés Leftby
1 T
Tttadgqmt toking MonGal' ™ MonGak

The ree polarized. monoidal. ke over o. monoidal has & duality
(A*4A°, ea.na) for each object A, and pair of fundions {:A—B
ad {>B=A° that are duals.
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