POPL Classes

This week, SubWLlSSLOﬂS were Qreal: the fad work op!

+ We will focus on Tre wuit bd:s on ¢ Submissions.

Exe(ase 2
{: lm lemen on in Fone

No need, o change preter o we change  head /tail

ExercueS
* Tmpl dotion of yepeat lof, - styl
e g

Exercwe 6.
* Combining monads is usually nel that easy.
* Eg. pobability and ton-determinism.



POPL Classes

E xercise
* AL solions will. we the effects (memory) o bk evalukion.
* For mast monads, the oder of evaluabion coes malter.
* For some monads, i does rot mofter: these are commitafive monads.

§ x » Ay, § x » Ay,
qu v (\v. = qgu v (Av.
hyv)) hyv))

o Exations (Mowbe) Jorm a commudative monad..
D Wabe) Jom 0 ol toed, L ool
* Probobily (shod be) commitative.
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Exercise 0.
* Submissions hod. greak formal proofs .
* This is the equivalence bebueen ‘moods and monods in relative Jorm.
* I aious: & Monads need not be enddfunctors.
- In Hoskell : rebinable syntax, or  ($>) combinatees with ensbaints.

E xereise D.

+ We we associtisty of leb.
b x2f in Clet yZginh) = & yEbxEfmg)inh
-+ Asoualivty of 1k holds in CBV and. (BN, bk not i we mix both.

£=CBV bt €=CBN breaks assoaativity.
e'=CBN but £€=CBV does not break.



MONTY HALL PROBLEM
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B AR+ VoMLY + Ve MRS + sIRLY

Q) MO+ %R

FunPab, od Probabiﬁsbic plagrammig

o
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T oid, dsts pablem. Cfom Jacks, 2023)

> The maclence of an dlnes s 1 in 20.
? Sens vty of ‘I*IP,'(ESE 13_9/1@

3/5.
pwfmbe 30{: e Fosdlve ond, one neqahve test.
7 \/Jhai: is the Probcbd.l-ﬂ the Pohent s dL?

how 'h) e m . lllt 't}l .
geﬁimgsu' aKnwa Fa)m goem):h& PmUemS %ﬁ many BQHQS UPA ) B S \S

> ldea: coxty 8056 updabe inside 4 monad
Mo = Sek (0. Doubla) with some festrictions .
> We wil be oble to deseribe the Prob\em and heve € solved in Fan.
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+ Subrissions : vey good, vety Fow.
- Ferhaps more wseful 1o do ecervises you have  alveody ried.

- In oy ove, e us gust go through e ecercises
+ T wide the quick imp,emerdﬂﬁon o X3 ad Ex4 . we an 1l Ex5.
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Exercise 4. e strt by reclling o deitions

YQSuuSX=0sz OKXof=fx ', Orelse (0Kx)ym=0l(x,'

fal»f = fail ; Orebse Foll ym = ym ;
4 us pow adiily.  We poord by Sadlual indclon  Cease analysis)

Fl>{)eg = Fule g =Fal = Fal» Ox>1xv9);
§0kx>ﬁ>§ = fx>99 = OkxeC u*fu,)ig%; 1

L&k us prove The tuo unt s,

loOk=Fl 5 OkxeOk=0kxs G lgf wilaiy)
OKxef = x5 ) ' (]f(.o: :51%7

/Oiblm'—'- le,
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Exerdse 7.0. e ddme rsulf x = ka 3 0Kx1>1=jx s fulvel=Falv.
Execise 2.b. Vedfiee  iboev=Filvs odde Gk = Okxs onde Gilv) S = v
Exercise 2. We do vot need fo wodiy e A conclictoes b define il, buk we ved o for orese.

el (Orelse e, ¢,) oy = ordse (ol ecew) Qv el e, v o (Af» aply 1 [v]))
pritice ful” (x> falue x)

Exeise 2.4, ek ws fist reason with e inetpreter. &t us plopote. thengrg eveluatian otder

ool 07 odee (3] p
orelse (ovol (21°p) — vl ¢, env » (0 »

ordlse (0K Clitval 2)) — ordse (el ¢4 eav) (\v -
Ok (lntval 2). apply § [v1))

eval ((vdse e e.) ew =

flomow
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Decise 5 We dfe M= Menr Mube Co,Man).

result = Just (x,m) (xm »{) m = ase (xnm) df
i M " o
Nobing —> Nelicg

e defire e Jolowing - epetos.

tow m = Jil Greshm) —— vite T Fresh gives  (alye, Mo,
gt L m = Jusl Comfents m |, m)
o Lvm = Just CO, updale m Lv)
Julwe m = Nokhing
ordse xm ym m =ose xmm o
Jsl Ge) — Just Ge,m?)
Nolhisg — ym m
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Drecise ¢ We die Mu= Men->(Mube o, Men).
et x m = (Just x,m) (xm »{) m = cose(xmm)of

(Jud Gom) — fxm’

(Nathing, m?) — (Nothing, m’)
e defire e Jolowing - epetos.

rlew m= l& (@m)=feshm in (Juta,m)
gt Lm = (sl Contets m 1), m)
ol Lvm = (sl O, upate . Lv)
Julwe m = (Nohing, m)
odlse, xm ym m = wse xmm o
(Ju ) — (Juil x,m)

(Nelhigg, )= ym w0 —— yrm oo void, wodd mis widddy o] ode
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xerse 9.0 Wb Men»Maybe GuMem), oy oror prvents changes 4 merog. itk
f%enw Mabe «, Men.), dmnqesw’to mthm?)ry i oli‘:we& meu:m o:r e!rocrvs. T

Exavise 9.b. The laber allows us o cary 0. sinle cpy of menoy

[ xercise 5 .C. -lﬁe tesult depalfjs on whaker dmges 1 metnory  are rg/e(‘(gd m ]’u[wz
V(d, x=new()s; X==@;; x==4;fm1()3; '.X 35
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Exercise 8.

o = It (et > a)>w
fbnk = ned then kn
dse b (nd) (x—
{b (n-2) (Ay-
K (x+y))
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Exercise 9. Reaall That e defiition. i

st x k =K x e f) kK= xm (hx->Jxk)
L4 us prove e voned exioms.
(result PJ =(dq ») (Cxm »i) og) K = (def o)
result x (Ay- ny) Cdef vt (xm»f )\x-*gxk,) = (def »)”
Ixk . Xy»fy Ox 2 gxk)) = lef o™
n Oy > (Jq »g) R) =< o)
(xm » reslt ) K = (dgf ») (sn. o Ok + Jx+9)) k

am Qx> st x K) = Cdef voult
xm K
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ExTeq. (onmation passing s comarfesian. coclosed..

Coni = (x>0)—>4
gg: Miruxs);(y = X,y >4)

coanry # (x = (ot (y+2)) = ((x-z)— Cont y)
ooty § (w) g = fx Qease
l.eﬂ: 9 -> q y
Rigt” z - "wz

= () > Gt g) — G Gt (g2
ouwaiy 3 x ¥ = 42Cx, he = v Rt 2) Oy »vCleft )



POPL - (1A% 4

* Ploose vemind me to toke aftendance.
* find 1o give you time o fll Soedback forms.

+ Submissions were just excellent. fnd lofe wbmissions uwere very useful ond mestly great.
- Sme now technigves (CEK, CPS) may be useful 1o debodl.
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Execise 4. ek us wide e CPS ansbion.

vk 0 K = K0
vk (xxs) K = 1k xs (A rs—> K(vs +(x1)

By mduﬁhon let us rewle anbwotors  Tnpived by s, ve an wile vek in

m revk, xs W 05 appending. “Cappendix - passing style
- i = Q) vk = Clt]—Cint] —Clet
biven, K= (%zs), the: ex (1 apx =

fovx  (x:xs) prap___x rev x5 (x:apx)
Ars> K +&) =
A s> (425)(rs #(x1)
A rs- (rs#0x1)4z5
Ars—> rs+ (x:25))
(#+(x:29)).
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Exercise 7. Jib = It - (it > a) >« F1
{b n k = Lfnsiie}iml;(i( N
¢ b \n- -
Jib (n'Z)’x(Ay» jta
K (x+y)))

L w deﬁne @ data{ype oj wilnwdions. Wik £, we olefumhonclqe,.
dobn Cont = FO | FL It Cont | F2 Ink Cont

Gidd (n) (XD (x> K>

fib = It - (ont > It < (onf > It - lak

bnk= %% O a=a
f n<d then opply kK n oy (F k) x = fib -2) (FZ x k)
se fb"(n-4) (F1 n k) Kgpl_% (F2 X K) Y = wpply K (xey)
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E&rc.iseabi abqll stiings we df The P ab" for some neN

¢ IX=0D"=> x=b"=> axx = ab™"
.« 0bbbx = ab" = x=b? = wx=0ab"

We Know 1hat 50-11-d ';:42*2*2 -3. W p!mﬂhat ll stigs are f e fom ab" uith 3k
‘ ax ab = x=b" = axx = qb™", (md SJm impligs 3t
© bbx = b = x=b" = ix = id 3tn inples 34 n-3
Now, abbb =ab" inplies n-3, leodxrg 1o con (ad«dion



POPL - (1A% 4

Exercise ©.0. The itegets, L, e wuwper bund for the dain {ndecz:  u vee m uper b,
@*P{yé Z{; s wzud and 04, wn (2,9)-(2,) is roratoe. any botom elemug{'?r would
unply o Top one.

bxecie ©b. L Nologws) wth wzn od wean. A loer wper bound must be lover
Ton beth wy ad vz, 9 vone f Ten. [F shoud be o nafud, 0 vt on upper bownd.

E((’,YC(SG 6.0. ﬂty duin {.Si,}i has 0 least uppmrbowwl, Ui. Si. |2t us show F presafies these.

F(US) = {(o{n2lneliSl = (b df o ot ons)
H}u &{n??el neSiﬁ = (b dgﬁ?luﬂv'rlxjo)mrdm |
Us ilvins2lnest = Cipy def.)
Ui F(S).

The. least fixed pomt is, by Klee ke, b st bourd L =FL<FFLs..
¢j|g mll s ly{m%\e Qmrs{“"es}asg pe q FE

which ove the odd mafwal rumbers
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<ealer), av, Ky — <eq, ey, (ole)ew):kY

< lombdo. () e, e, kY — [K, Clambda () e, ew)]
<n, v, K>—> [k,nl

<X, v, K> — K, eww(x)]

[(o(@), ew): Kk, v] —> e, e, (va):k>

C(Clombdp. K e , eav)@) : K, v] —> <o, emfxw], KD

We odd fes {0 evauate succ and pred, ond Hheic conbinvations.

< suce, e, k> — LK, succl
<pred., oW, k> — [K,pred]
Csuccotk, nl — [K, n+]
Cpredo:k,nl — [K,n-1]
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< sic(pred (x)), x4, Show >

<siee, x»d, (@(prd)), xpi):Show>
[ (oCpred (x)), x+>4): Show, succ]

< pred (x), xwd, suc ozShow >

< , x4, (o(x),x04): sice o z Show

[ o(x), x»4) : suce @ : Show, pred,]

<X, XH‘, Pdel:SuCCD% Show >

[predo: sveca s Show , 1] <ealey), aw, Ky — <eq, env, (o(e)ew):kY
[sveco + Show , @] < lambde. (K)e, e, k> —> (K, Uambda () e, en)]
[ Show , 1] <n, v, k> — [k,n]

<X, e, K> — K, ev(x))

[(o(@), ew):k,v] — e, e, (va):k>

[((lombda. &) e , ev)@) : K, v] — <e, emfxw], K
<SUCC, e, k> — LK, sic]

<pred., oW, K> — LK,prd]

Coucco ek, n] — [K, n+]

[Cpredo:k,n]l — [K, n-1]



