CPP (Closses

* Fust week, submissions wexe great: Keep the had work
* We wil focutss L(?nlg o he Q difficult }ietﬁ i >
* Plesse iyt Noticny confusion” s encownged.

* Audor and T will. be marking - you will get fuo files each week.
* Do jeel freeb tclude 1‘0 c vequests For the dlass aHhe erwlaj your submissian..

ossruestC(} ymplmnXmmo

eras WS uickar
T(,me tseve{g linbed, but we WlLL‘h_@ our best.

Please, 5ubm¢ on Time Ulﬁe submissions may vat be graded.
+ Cavent desdlive 5PM fé’
Mo hlonaa — ond earlier— submis3ions (e aPFreaated

lS S0 muen wovk .
* Please Wie. your name on e exervises (unless veason nat to do so).




PROBLEM SHEET 1
» There are 0t least o definctions of category.

1. DisPLAYED. A cabesgyy € b bjects, O3 (€),
ad o Sd? 0)[ Oﬂowmh%w(@w 9%;’; grawﬁﬁ ;}[unodiom Z

sie Are (@) — 0bi(€),  and tg: Ar(Q) — b3 (€), ...

/3 INDD(ED ed:s 1(€
and, Sor mﬁm%%& c§<gu/en O?)}a( o ay(r)ohts C) sY),

* Tndexed m to define (“what us{he sue G The em relchon7”).
* Jow moy fu“ 10 l<sr\aw)l/ugg£ . Fhe el

* Sefting these naively n Jdneofg may cause problems afe these t;mk 4

* Bt T diskke foundational dScussion here uL mat

* (ore when definng Comma. caegories : aifous ém Commukmg triangles’




L\

PROBLEM SHEET 1

* Hoving ot somebhing Sorns wifes  prov ﬂtewcms
0 u@ Your - compos nsjoﬁ ldenl:\mhgg mus’cegbe 0SS agﬂl? L
* Exerose. What goes wong wilh The joltowmg compos&oﬂ

a(SoR)c = Vb. aRb A bSc.

* ekl juuchms ndl There urless pm/wd No reed 1o worry aboud. them.

There exists a Cokegory, For,’ of sels ol fund:mns

* Bt ey do nt ippear iside Set or on..

PeYsorIOUy L camPose mdmgvammahc Orgley,, )’ g, instead Of classical, ge of
50vr5 l llgomg quickly, T mx both
+ T believe £ & noe “rafwal i many places.




: | be. wilten explicily '
Coupf%w;y)ov% i%e o 4 Os(gbw%"&ouﬁo%t m{zfds ‘%@m@"@'

=

Ev h ind c > whose objecks tices and  who
O e s o B e Lt e ey et o
Comporition ts concatenation, T 1]

Assoaatudy ond  unctolty e ploven by induckion on path lewgth.



( -\

.E-T Z To wyself - ok altendonce !

PROBLEM SH

+ Jocond, week. submissions were also gt Thaks g it up.
* Litle tosay in  Ex eando lgc 4, unless %mmyou urﬁlag ward J(o (Ldass
* Gading 0 bk more shiictly so that & becomes Mo weful feedback

+ Cowrteroxamples must be explicit.
+ Showing thak AxB is nat e produck of A ond B in_goneral reguises us o pie A,B,
sme C, od mophisms f:C>A ad §:C—=B. I yu uw o dossof
oounterowmples, Just show i is nob emyly

o Universl aows e 1ot “unigue’ bk “migue Such That”
Tl bt el il Yo sl ifonctin bt s et
* “Unigie such that A is ot inplied by “Unigoe such Fhat A oud B
- B, \‘Hhe “Unigue Such thot A% salisfies B, it is the “Unigee such thab A aud B



EXERCSE D).

+ The carlesion p(adud: is ndl a P(odud: i PR, How wald Yo prove {t?

© Lok for o0 sy owbpoappe. @ Cnbing;, counberexample in finite sebs,
f . #ar (X5 AxB) = (#A<#B1)"

/v LN* ¥ Pur (X3) <4 Por (X5 8) =D de1)™
0 —0Q—=1 miy«k, sy, X=A=B=1.
+ The ctegoy PAR of porbial unckions does have products

B
or also a:B —(Qﬂ {*D (B () {6,%),



EXERCSE D.
Bk how would ve find, then”
@ (ounking.
Par (X5Y) « Pir(X52)
2 Ser(X5Y#4) = Ser(X52+44)
2 SET(X3(Y+1)x(Z+1))

2 SET(X3 YxZ+Y+Z+1)
2 PAR (X35 YxZ+Y+Z1).

HB+A+B

Thinkirg aboui, The leial junclibm we oo,
@ \i Fointeal seks.

Pointed, seks /orm o, of orf—f (A,0) - (B,b)
means {:A—B wih ;%a b — tnd an gasy Froaloct.
A,0)x(B,b) = (AxB, (a,b)).
foinked sebs we equivalent to purlal funchions
X s (Xwix), *)
Par. @ PoiNTeDSET
A-{a} e (A,)

We coudd. transport, The poduct - Ao = GCF@)<F(B)).
(Aslx)) « (B {x)) / {(x,x)]




EXERCSE D.
How o prove this s o produd,?

A The cements o] AxB=A+A<B+B n be willen as
y \? LCa) Jor a€A, RC)for beB and Bla,b) for
A B 2eh ond beB. We wite T for ‘ton-defined”
a— PxR —

JTA(LO.)=0.', JTB(LQ-M\
ITa (R\D)T Mg (Rb\ =‘3}
m (Blab=a; m (Blab))=b;

s defie b X—> AxB by cams

D I {0QT and gCOT, then we ned 7 (WGt ad T (RGNT, 0 WGT

2) It 07T, then we nedd 7 (h(Q)T ond T PLCX);-—-g(x), s0 h(x) =R(q(x)).
3) I 90T, then we yed 75 (W) T and, Talh&))=F&), s0 W(x)= LG,
4) Otherwise, we nead 71, (h(x))=1&) aed ﬁa(h(ﬁﬁg(x}, so h(x) =B (F(x), ().



FXERCISE 3.

* How to come up vith e solukion: you may want {0 skeleh on Sews.

alizer d {al@)=q(a)}
Equ g f e { b {j(a)zi(b), g(aFial(b)}
{a,bl <J(’3> (o) = <, Cd.7(b)}
Pullbad( of <{.9> and <d,d>

{o]]@)=9(a)}

{ 0,0,] d = Cay), (ad= g ()}
{ a—“:a‘t\ <l-d,’}> (041) = < bd.)g 7(0.2)}
Pullbad( of <d;f> and <id.g>

e Lober o, L be able 1o we thee ol |
* For n(:)Y\l», H\:lt v\:)l'dl do olkag fam Uﬁr\as(ng‘.“ fofm P(oa)Ls

IR W IR e

Equalizer ¢f { and 4

IR W IR e



FXERCISE 3.

s, there exists

fof

WE Know 0 9 and,
Then, we \r\z\(lePa mn&dafzj e‘;uahq%@r

EEYESY
3

A

And fo« ay other £:5-A such thak
Fot =9et, we have o canddate

Yul,\bad(

we - d->P sucH mhar

B fot, s the cndifion implies e spcond.
hw,%ur@ exists a umque m: S-*P SUCH THAT

poln = {', AND Qom—fof.

AN
pom=1,.




FXERCISE ©.

Stiakegy 4. Show termicals and, pullbacks /products ond equalisess.
B 1 e ke ] A e it

i you _have funchoss already, pomote  F: T —>C inte F:I">C,
whevg T hs an odm o‘ded: and lugue trw‘:kms frorn ony other o(zjeo(:

: &-ﬁ m ({D, 2(Ewdl]



PV 2

0ke, Qltendange, .

(reat Psubmussmons 05 abwas; Thorkss for the eﬂor't

wd medigtng arows: el us 1y slowly.

" The vesl was less problematic, bub we can defoil & more.

Gx
O.dxggw PS5 may

I yu e,submx(fei PS3 and

il be marked e ?D’L sargy! We will discuss i neddl week.
S4  shoud be marked .

To U see PS3 and PS4, l e PSS ard FS |
Odwd we ; dosee‘lhe two ous with am'j@wmmﬁ breok tralﬂ bdwemé ok



LPP- T

Exerase 4. W uill ody do pud ), vey el

* Always in mind: e you prving Wigueness, existence, or btk ot te same time? If unswe, spht!
-PuJLbaij:Sk Cardidates arey ﬁrﬂa"‘%&'ﬁq) wt dbjets ().

* Ve need to assume Thab e Squares commae.

* This is wob on exeise o pulbacks, a5 much 05 an exerise on patience.

* b us wite cone morphams,  mo(Q.p.q) > (A,c,0), sofrat wnigueness s clar

E xeraise 2.
* Nofation: “F is foibhful becawse F(f) = £ as with inclusions.



CPP-DHET

A2sp2-E

b 3 bdw e
cd.pA2.F

Exercise 1 ...

® Ld Qp,q) be o (geF,e)-cone.

@ Thm, (Q, jOP,Q) s o (g,@)“wne, b@({lm gofop=e,og \794

@ Trere osts o wigee m: (@Q.fp.9) — (B,d,b), by .

@ Now, Qpm) isa Gd)-cone, becase fop=dom by3.

: There exists o wigue 1: (Q,p,m\ — (A,c.0), by 1.

© Now, n:(Q,p,q) — (A,c,bea), because conzp by5
ind beloe)= bem =g by 5 and. 3.

@ Lt w: (Q,p,g) —(A,¢,boa).

Twen aon’: (Q,9p,9) — (B,d,b) and aen'=m becawse
dotsn =Jecent'=Fop by 7 and 7, and bea-w=9 by 7.

@  Then n’=(Q.p,m\—>(4 c, aﬂl’ ad n'=n becavse
because. co’=p by 7 and aen’=m by 3.

Tus, there exists a wigee  n- (@,p,q) = (A, ¢, bea).



CPP"SH ' Tﬁ [ xercise 4. b.

. | ld (@p,q) be o €F,d)-cone.
A—B—E Then, (Q,p>beq) isa (ge],0)-cone, because
S LI 95fop=gedeg=tebeg by 4 and .

Troe oSl 4 wige m:(@,p,beg)=>(A,c.bea), by uit. .
NOWJ q:(Q,JziPJ b.° )—>(B)dnb) bemllse d°q=](°P by j
fiso, asm: (Q,7+p,beg) = (B,d,b) hemse Denomm=beg by3,
and. deaor =fecom=7p, by < and 3. s, aomi=q.
Then, m:(Q,p,q)~>(A,c,0), beawse Com=p by 3

md Q-m=9 b_«$5.
Lot m:(Q,p,4) (A, c,0).

Thet, m: (Q,p,begq) > (A, c,bea), and m=m’ by 3,
pecnute Cem’=p by7 ond beaem? = beg by 7.

Ts, thee exists a wigee m: (Q,p,q) — (A,c.a).

@Y @ G OO



CPV’SH ' Tﬁ [ xercise 4. b.

(on we do withod, assuming fak () commubes ?

ey L yd e y Ly J——
C21sp—-2-F | |

2 —2—1
Hee, i ond it ove Pullbacks (\oroclucts\, b 7 i nt.



CPY-HET 4

Exercise 4.2, Riloacks ae weok pullbacks, or fhe “only of” For the {,

X, //_\\W

PAw " Sz — PSR SR

3V \/L——»F)’

By W being o weak pullback By FP being & wek pullbuck.




CPY-HET 4

[ xercise 4 .. Note duk A = {(x,g)l Jx=9t4}.

= PX ok PX ad sePY suhtak {(r)=9(5).
/;’:} \F Beecau?e eoj This, jorseinh 9)( eSR, theve evgilzsK Som% 4 €S

f
« T PA PZ  suhthat §6)=g(y); for each yeS, there exisks some

N}Py% XyeR suhhd Jlx)=9ly). Pick

T={(x,4) | xerv {(xy,y)lyéﬂ < A

Atertively, T= {((x,y)eAl xeR,yeS), and dhen
we se hat the pojections are precsels R ond S




CPP"SH ' TE Exercise 7. (e need 1o check the sollowing.

+ Lo monoid iduees o preowdr
+ Enct moroidl homomorphism  induces 0. mondlone unchion.

+ Faithfulness is frihal”, bub why?

F{=F
Mon ——F—->PRE0KD uPF7}= IfPFg

“‘“\‘SET % u’"?: ;‘ "3

+ Not ull 5 e fuddon (+4) N >N s mondtone bid nal. homomorphism..



CPV—SH ' Tﬁ ExercisE Do, We can fid a1 example uilh tuo dbjects.

X Y A——B hek=1id
L " Koh=idq F{/)=h.

B e with @ sinpler idea, v gt @ il fonch LY b A bt A

[ xeraSE D b, 4 SXoY and Ff-FoF an o, By fulnes, fhove exsts g:BA suh
that Fg = (Ff)—4. Tren, F(9°f)=id and F(f{j)’id, by -fund:oﬁdi(aj. 33 ﬁdlnf«lms, 9=1"

Exerase D.c. e oy point lof 5 Flid)=id.

Exerase D.d. By indusion, 7 ato oDy uith fea=feb.



CPY-HET 4

Exercise 4 i

XxX s P(XxX) —> PX
PX=1{¢, m tbY, Ja, b3
"‘zl y l,! ?n‘{ l? ?l(¢
r—>2 X =7z ’7’(")"{*1 for x40,

Thus PXxX) has 16 elements, bt he Fuﬂback must have 3<3+4 =410



CPY-HET 4

[ XERCISE 2.
it F:A-B. L 5:C@BX)=C(AX) be defired by Fx(g)= g-f.
For ony h:X=>Y, we e assodaw{bg,

CB.X) —&— C(aX)
[ CEh) [ C@n)

C(p,X) —&— C(4,X)
LR (F(g) = hegef = F5(CERIG)).




CPY-MET &

[ XERCISE 3. LeJ: us define S X =XxeX by §G)=Cxx).  This is nifial
becawse (4 Xf )§(x)) = S(f (x)) by dz’[umhon

Assume y mﬁdal, MX=X—’XXX, by m’furaub, olx('x)'-'-(x,x\

%y J &%)
X —> X=X

e By Yoreda lenma, Nat (Set(,-), A) = AL = 1, wing fat 14 = St(4,9)”



LPY-MET &

[ XERCISE 4. fundors bélwen mowoids ave woroid Yomomorphisms, §: M~ N

.__n_‘ﬁ.

j('“)l« f Lg(m)

o ——>» ¢

Nﬂtu!al wama‘ﬁbns VL=f—{9 tre eements such that Vl.'f(m)=9(m)-n for e meM.
* Elements 4ok conjogate 5 ond g : Ve we conjugole homomorphistms.”



PV G
M

+ Adjunchions e fun, ek us by fo make them ensier:
‘ Deéekincl aks ae corfusing , leb us ty b rn away fom that eedie.

O Project superision in (tegory Toaowy - eidher Elova. Di Layore or me, vematly, or Ruben
wnJBdle ﬁ?wlo P%g)hg( am olon’s group). Bo;fek may hae moe mp%salosr

O P posttions @ Talkim, Esfonia; i e Compositial. Systems and Melhods' Group.
* oyonr vesearth positions in applications of Calegory theory, mﬁ.’gan'cal logic., & pfogfam Semariics.



(PP-0 a1 O Ryttt P fue

Lot us pore Tut (PX,U) s te foo complele somiliticc over w2t X.  Fiet, ve dundd e
diecked thot € is . semiloftice: b least upper bowd of {SiTier €PX is Vier Si = UresSi
b (x: X — UPX be dified by 1,00 = {x}.

bien 0 complfe. semilalice , (@QV), md a funckon £ X—=UQ@V), lt w asume o mophim
7% (PX,0) = Q) such tat Uf¥ontx=F. |t mut be tha

FHS) = T (Uses (81) = Vies 745} = Vies 726N = Vies 16).
AN Ths s e aly postle bomonoghim; buk we veed o check. it s

leb us pove 1% is o homomophism. e meed o chek e Jormda. fr he lesst upper bound of . wion.
(U5t ) E V eetis: 760 % Vi Vies: 16 & Vier £#50).



CPV' 6 EXERUSE 3.

O For ks, fiding @ gt odjinb to h: D —C mears fiding, for eh xeC,
sme fxed suh tal x<hlx and xshy implis Exsy; Jinding o fight adJomk
meses finding, Jor et xeC, sme vice D such Yok hrx < x 0nd, hy'sx implies g <x.

A< (8 p'(B) < f
pA B B < {x|p'&I<A] = p*(A)
A < plp(A) p'({xlpeacpl) < A

Now, consider he yroJ’cctha T XxY =Y.

1(S) = {4]3x. (xy)es |
(S) = [y | Vx. Gap)eSt.



LIF-h

P Set”
N3,
Yy 92

EXERCISE 4.

We e {hat |'%(ng)|41. e oy dfoe fudis <2 Sk nd
1:Seb >2 by inclusion ond éx={g 4 X=1

EXERCISE 2..b. A i

bien o dounwards dowed, st S, we pick S(a) = {o #4062, Dien o funchy,
T, wepik T= (alT@=41 =T (1), These e iverses.

We ae lof t Show T is downwods dosed and S edends o o Junchr.

EXERCISE Z'(:}Ah X o oy 103 -
A vl donsfomodion  w: ST msisks f o fuomly wo: S@)—T(0), meani
1S implhes acT.  Thak s, SeT. In s ce, acls o s sl

EXERCISE 7. .d.
Tws, ST and TS implﬂ S=T.



LIF-h

EXERCSE 7.¢. o dor
Eoch odended veol mumber reR indues o Dedekind of Sre 27, which full bty embeds ito
St Morphisms ave incusions, and Dedekind el inchusions ove. he less—or-equal pwreb™ in. R

EXERCISE 2 5.
Poduts orespord b0 ilersedions. I portioalar, ooy Dedekind od s an intersechion g
represerdhbk fabionals .

TTQC-,q) is the Dedekind af o r.

rsq



CPV‘G EXERUSE 4. g 4=G6F, & F6—4, wA~KH, p:HK—4.

Lo 12 6F S5 GRYF 5
Com: HFGK A5 HK 2 4 U P r®
qGK GaF6K ﬂ HF6uF
GF6K = GKHFGK HF — HFGF — HFGKHF
w J/ng Gnakk \LGKH'zK W J/HiF HratF \LHaKHF
6K =K. GKHK —— HKHF

\ l 6k w HLFISHF



CPV‘ 4“‘ DEC STRING DIAGRAMS,

Povig Theorems in formal ategory Jheo

i o g
applaing N Ly (s P excor.
R e A
G: VD>C K:D->LC

x: GA — KA
B:FX — HX

GFX &> GHX
ﬂFj/ nak () \l/{&n
KFX —£&— KHX

(1) Cahsfw e vegions.
Funckors are  wires.

O  Netwal bansformations ave nodes.

Slring diograms provide. o sowd . conplele lelus
Jor m?gorgs proving tis would Take 0
entive cowrse , bt They e oduilive onyuay




CPP- [tﬂw T

4 2

U F G F

HF * HFGuF
- HFGF ™ HFGKHF

N W ot [Hewe
HF 5 HKHF

w l{SHF
HF




CPV‘ Zkh DEC. /V\CT)NF\D.

T

i TTX=TX




CW “ DEC.  ADJUNCTION.

G/’ \FJ () /Ld\
e {1
d F\’ '/c:

~




(PP- (y,  founcions mur Mavos

G F GF
foll R/
G F G F
71 ol G F
!
N "

F G F G F F G

)



16 Collages of String Diagrams

A Preliminaries

Proposition A.1 (Reducing an adjunction). Let F: A — C and H3U: C — A determine an adjunction
(F.H3U.n,€) and ler P: B — C determine a second adjunction (P,H,u,c) such that the unitu: I — P3H
is a natural isomorphism (as tn Figure 7). Then, F §H is left adjoint to U.

A@C; ﬁ);@;&é;@;&;

#H FHU
Figure 7: Setting for reducing an adjunction.
Proof. We employ the string diagrammatic calculus of bicategories to the bicategory of categories, func-

tors and natural transformations. We define the morphisms in Figure 8 to be the unit and the counit of
the adjunction. We then prove that they satisfy the snake equations in Figures 8 and 9.

@ @
= (] = 3
()

Figure 8: Unit and counit of the reduced adjunction (left). First snake equation (right).
In the first snake equation, in Figure 8, we use (i) that there is a duality (1, €), and (i) that u is
invertible. In the second snake equation, in Figure 9, we use (i) that there is a duality (u,c), (ii) that u is
invertible, (iii) that there is a duality (u,c), again; and (iv) that there is a duality (n,€).

Figure 9: Second snake equation.

__._._u..
..




(:PV_ 41‘11 DEC.  Rddvessig T questin o adjoints.

(onshructing adjoints:  Mac Lave’s book, [Sec TV, 2] shous an eﬂmni e b construct
adipints . i usedfobelm ererose for CPP, bul:perhaps did vel hove time do w2 (& during
docses, ad my sobons for PSG gssumed o Koew & sorg')

el Theorem 2. Eachadjunction{F, G, ¢) : X — Aiscompletelydetermined
S The aéjin n on h 1 the foll [
lﬂdllf y the items in any one of the following lists:
¢ S(;des ﬂﬂngk k)W d: ASkS (i) Functors F, G, and a natural transformation n:1y-GF such
70( a '[lﬂlCtD( 0 Mt 'tf 7[ that each n.: x— G F x is universal to G from x. Then @ is defined by (6).
p— (1) The functor G: A— X and for each x € X an object Fyxe A and

ThAS one 1§ Whﬂt T e m{mdﬂy a universal arrow n,: x— GFyx from x to G. Then the functor F has

object function F, and is defined on arrows h: x—x" by GFhon, =mn.°h.
H; s (’,zlam.t mwe we dO !lét (1) Functors F, G, and a natural transformation ¢: FG-1, such
V(OVC

aﬁlﬂdﬂf MY{ Mm(al, that each ¢, F Ga—a is universal from F to a. Here ¢! is defined by (7).
(iv), The functor F: X — A and for each ae A an object Gyae X and

an arrow ¢, : F Gya— a universal from F to a.
Th(’SQ are d‘m“ (v) Functors F, G and natural transformations n:Iy-—GF and
/:— F G- 1, such that both composites (8) are the identity transformations.
4“(1 ‘txlanglm W"ll&l y)u_ Here @ is defined by (6) and ¢~ ' by (7).
Kvow by fow.

Tharks 0 all f qou.



