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ONE-TIME PAD

Broauibcalrl}:Q Kar\/onen propase o.{ormahzabon of the one-time pad in o
monoidal. category with o. Hopf‘algebra. with an integmt .

A

We. can reason. about securily using string diagrams.
5| Broadbent & Korvonen. Galegorical Compusable (ryptography.
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ONE-TiME PAD
This is not only about string dingrams; this is about code modulaihy and separabion.

oneTimePad(msg) = do
key <- randomBit

crypt <- xor(msg,key)
msg <- xor(crypt,key)

Do-notakion is a syntax for (pre)monoidal ies; following string diagrams.
We con extend it gd:h meossa;e-passmg, wcitq;;rhh inko mmnmu‘?

tthub..com/ mromanti2/

gi;Heunngacobs,Hugm, Sl’albnELug.Roma'n. Ne I one-time-pad-example




ONE-TIME PRD

This is nok only about string diagrams ; this is about code modulaihy and sepaabion.

oneTimePad(alice,bob,eve,msg) = do alice(msg, key) = do
key <- bobe() J crypt <- xor(msg,key)
crypt <- alice(msg, key) return crypt

() <- eve(crypt)
msg <- bobi(crypt)

return msg \
bob() = do

key <- randomBit
'key
2crypt
eve(crypt) = do msg <- xor(crypt,key)
return crypt return msg
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Bob

\»Ihal:areﬂlesemw"'f’l@te diagrams?
2 M.R. OPmDmgmmsvm.Coed(nlaJus.

Whmh structure do they form?

%&ﬁi&% Algebro.dgrprorcls‘i




WISHLIST e

AeB sr(il:s inbo
(AeB)a((xeY)eB)e(Xe(Yer) ¢(CeD)
to ad: to CeD

Algebra. of lmm",el./sequenblal decomposition . (Fo) duoidal. cokegories.
Semantics of i.ncomPlehe d@fams . Monoidal context.

Message- passing. Serd - Receive. {ypes.
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« Part 3. Conkext for (Cakegories
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» Prk 5. Normol Cokext for Monoidol Categories

* Fart 6. Normal Context for Symmetric Monoidal (ategories
* Pk 7. Send [Receive  Sessiont Types
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PROFU NCTOR.S (Funcrors €D —~Ser)

Projunchors are seks of processes  P(x:Y) indexed. conbsovariontly by o.
iputs XeC" and. covarianbly by outpuks, YeD. They hwe adiors,

(): C(X;X)xPX;Y) —= POGY),
©: P(x;y) * D(Y;¥) -~ PGy,

salisfying
§>(p<g) = >p)<g s complibily
1>4>p=sH>p &1>p =ps lZ'ItOLhOn
P<9°<3‘=P<(3°;3‘); p < id =p. (ight ackion



PROFUNCTOR. (OMPOSITION

| process of th Q iso process i P communicaking with one in Q).
That is, <P ;.)cz (X z) t.s gwen bgpr;fg(x Y) followed by 0€QM,2) for some Y.

Gi ePXxy), qe Q(Ys2),
PR | gt i e
o b g o, b fm’ )<Q(Y;1)
" X
- ng&&hfbgetayq POGY)-QLY;
9
(P<f1q) ~ PS> YI_E! P(X;Y)*Q(Y;Z)/,% :

These ofe. ‘dinatually’ eguivalent.



DINATU DINATURALITY

We could Jdme contexts as paics of DEFINITION. oj bj
marptisns, bk ve would, Uke e (A:B) oS o
{oUoEnrggméJo o b:eqm morB it ?{ h;&,; . a’ o’

e Mok ol g: M b
qmwabg?ﬁmn@ )
<fsthoid)|9> ~ <f |(hoid)sg>.

» , In, other words, it is an dement of
: MeC
C(A;XeM) x C (YoM:B).




OPEN DIAGRAMS

E;l] ~r / hom(AsXoM) x hom(YeM;B) ~




OPEN DIAGRAMS

A

~> | hom(AsXeM)x hom(YeM:XeN)x hom (oN:B)
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\.Jhu:h structure do they form?
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Part 2 : PROMONOIDALS




MoNoIDAL CATEGORIES: PROCESS THEORIES

Monowlal cakegories axe an algeba ollel and sequential
String ding roxer?s are the ml:ennldn;J. (a:;{uag:r of monoidal ugll:egorwcg mpostion.

N

Process PmLLd. composdaon Sequentiol. composition




MONOIDAL CATEGORY

DEFINITION. i moroidal cobegory is o cabeqory € logether with Junckors

sobisfying the pentagon and. triangle equalions.

©): CxC— O, 1:1—-0C, By);(Y;;”m

: neshng e\lYo !

ond. nokutol. isomorphisms ean. Junchor composd:‘o\:e i
%,sc: Ao(Bol)—(AoB)eC, § Xe(vev 5
Aczef - A, i XeM where M=YoZ.
p.:fox — A, ; i

................................................



PROMONOIDAL CATEGORY

DEFINITION. A promoroidal cabegory is o. cabegory € bogelher wikh. profunchors

Bl CxOxCISET,  Qlse)s €TGer, (07T
iXelYo
ond. nabual. bijeckions, 52 nﬁg’ng prC(uncg\Sycotﬁas‘ tion, !
et OleiXo(Yoz) — Ols(Xov) o), § 6 xelyoz) =
2 8(( igié:&(é 5 f(;( XeM)x G(M:YoZ).

salisfying the pentagon. and. triangle equations.

................................................



PROMonoIDAL CATEGORIES

Fromoroidal. cakegories - provide a. theory of coherent decomposition.. |t has

» Morphisms, G(XsY). G
» Spliks, €(XsYel). g‘y

* Hl:oms C(X ;1) Morphtsm SPU:

(oherence. ProPerly Le. Sphftmg Aino X and someﬂwn Oﬂd-"}‘al mg)mm meﬂum
YordZ can be done in the N%ungond.z
the. splitting th al:somd}u@mbxrm o s o pilling



PROMonoIDAL CATEGORIES

Fromonoidol. cabegories ~ provide. . theory of coherenl: decomposition.. |t has

'Morphi.sms, GOGY). '
+ Spliks, C(X;Yel). ?
’ ﬂtoms, C(X;1). ph\sm Sphk

(cherence. propertyy:

MeC MeC

f C(A:XeM)*C(M:YeZ) = f C(A;MeZ)<C(MiXeY)s

f :Cecc(iﬂ iXeM)€(M:x) & C(A:X): &
[€amon<cttin) = Chixs
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OPLICE- CONTOUR

What is o, canonical. algebra of decompasition. on bop of a. abegory?
* Each promorocdal gwes o free cobegory.  Contour
bach cobegory gives o cofree promonoidal. Splice

Conlour
e

Car  + _PromoNCar

~—0_"7
Spluce




@ F Q/ X=X

Contowmg Qa promomdol
gives 0. cabegory thak follows
decompasifion,,

Promon — (AT



Splice (8 right adjoink
;3;h393ViPsmsasw) 3 l:oPc(:)rri’aur.‘g 04

l Car —= Provon.

| )




OPLICE- CONTOUR

We can rewre Mellies & Zeilberger for promonoidals instead o] mulbioategories.

* Universal conbext = cofree  promonoidal. .

» Morphisms with. hales : w;msv;msw,
Splme(C) is the moroid of the duskity C+C.

* Con we do the same for monoidal cabegories?

7] Mellies & Zeilberger. Parsing as a. Lifting Foblem .




Part 4 : (onTexT FoR MONOIDAL
(ATEGORIES




WHAT NexT

MooioaL = Peoouorpa
CAtecory «~——  CATesoRy

Mon. Contour .
l . l "~ DUOIDAL

—— PamonooAL  UATEGORY
Catecory ~—— (ATecoRy

0



DUOlDHLS fin, exlo. dimension side-steps Eckmann.- Hilkon.

peFNmioN. A duoidal cabenory is 0. cakegory V wilh two promomoidal. sbruckures

a VsV =V | “segsplit” N o=V, “seq unik”
o VsV =V, “parsplit’ r 1=V, par unit’
such Thol. one laxly distribubes over the other,

Y faprelGaD) — (he(ra (BeD) |
l"o’ I —™ N,

P: N — NaN ,

Y I — 101 .

We ask coherence for these maps.



PropuoipAL CATEGORIES

oeFvmioN. A prduoidal kegory is o cabegory V with two promonoidal. sbruckures

Vees o)« VIVAY ~Ser, g split”  Voesn) Vv Ser, g
Ve ) VEVV et Psﬁégw \‘/€' ::; V7St ot unit”

such Thol. one laxly distribubes over the other,
Y: V(X5 haBr o (GDY) — V(X;heCra (BoD)),

P V(x51) — V(X;101). Q
We ask coherence for these maps.








