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MoTvaTION

MonoidolL lerses (optics) model single, bidiveckional, intetactions.

0 W Jorward
- Bhiesan uplate. —
How to model. repeated. interackions with optic-ike construcions? e would, want
Dahx&low Programming, —
games, —_—
« SEbdhashic” processes. =

2| Much Hfecobuee on bhese idens presetedof Triercakss.



MoTvatioN: Datartow Prosramming
mm&ngu#m m for repeaked processes: every

isa - L
ﬂf Nowed \>3 de\nae&sbrem a2

fb = 0 rey(Jib+1 rey wA\T §ib) FBY A
ok = O ey (4+ nak) o\.;.
=

FBY

* Elegant tecursie’ dalaflow syntn.
» Signal. Jlow, ‘trace-like’ diagrams, see FreuRe.
» Semanbics: causal streams fot the Mh’mn wse. FI6. Signo.l flow gmfh.

E.q. Lustre, Lucio.




CausAL Srream FuncTions

DEFINITION. A cousal shream Junckon I: X —Y
is 0. Jamily of funckions fn: Yox---xXn —» Yo,

fo: K=Y, These form o, monoidal y, the cokleisli

i+ XoxX, =Y, cakegory of the. ron-emply krmmdal. comoniad.,

foXekodash i [N se] o [NSer], it ()= [1X:.
Ue. have

* o delay Junctor toking X=(Xe.X, ., waaxux,x»
* 0. brace-like operator baking 9 4SeX—SeY ke X—¥;
* Coolgebraic veasoning and. ‘oinductive arguments.

22| T Uustalw, V. Vi Comonadic Nations of (o
0. Sprunger, S Koksumatn. b mabn. . Differentioble (aumllo mwﬁbb&ged Trace



MoTvatioN: Darariow Procramming

What about bhe non-cartesion case? 0

walk = O rey  Unirorm {44} + walk FBY
S Gt e e i“
These will be wonoidol skreams.

(on we extend the comonad. bo monsidal cobegories? No. We need. o. different solubion.

TieoReM (DLAFR).  The non-emply List fundor Lit'(X). = _@Xa is
0. torwidel, comorad if ond anly if @ “is o cortesion produck.



MoTIVATION

In the process inferpretabion a/ rnonmdal. (al:egonzs morphisms A- B

Qre processes with an m|m.l'.

However most grocesses (Servers drivers, agents,. ) are confinuously baxing

L%

1, ......
| dosed diogram vs [ o,oerf',jrereaked,mdiagmn.
A 74

22| Romdn. Open Dingams Vta.CoerdCaLaAhAs Act20.
22| Roman.” Comb Dwugrams for Disaete-Time Feedback . Preprint.




MoTIvATION

Manoidal lenses (optics) model. single, bidiveckional., intetackions.
 Database. update,

.0 ,
- Bhyedan updale.
How to model. repeated. interactions with optic-ike comstrucions? e would, wank
* Dakoflow programming, L%
¢ : mes, PR
L4
7
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MoTIVATION
Edoqmgﬁn mm% mz?dol alepry (€.0.1), we will buld

Q. sym skream processes  Stream(€) such thak
« Stream(€) has an id-on objs funchor from [N,€15
« Steam(C) has o delay monoidal funckor, 9 3

* Steam(€) has deloyed feedbock iking  9S©X—>SOY inbe X—>Y
¢ Stream(€)  has :hymdgebmm descripbion 5 o X

o Skeeam(€) is castesion when € is;

o Stream (SET) is the classical causal Sbreams 3
» Stream(Svoc) is causal diserete shochasbic. processes.

* Stream(C) is symm. premoridal, effectful, or Freyd when € is.




MoNotpaL Streams ror Demariow Rocrammine
ArXiv: 1202.02061, to be preseited of LiCS'22.

Elera. Di Lavore Giovani de Felice  Moxio Roman

Toll | e xjord. + |
e::lh “y&;;rs Ua ﬁl‘}: 'z'{mo frd+  Toll e::lh “9&;35@



SyNopsis

Three definibions i ies, ond e jons.
o . g ] b e 2 e el i
1. Inbensional streams, o first naive version. Flul l:o‘formo.mhaog.
2. Extersional streams, o free cabegory with feedback.
3. Observabiorol. streans , defitive-sclubion b a. fxpoint. eguabion.

Two Known partiodar cases, and. on avenue for more.
4. (Cartesian monoidal streams (Set,x) are causal fonckions

(os in Uustalu-Vere, SPﬂA

-Jacobs).
2. Stochaskic streams (KE (os,x\““'ﬁ;e controlled stochastic processes
(classicol in the literabure).

3. Kueishi streams of strong monads. Freyd cabenpries in genteral..
Extro.: implementing sigral. flow graphs and dakoflow programs.




Part ©: CoALGERRA




COQLGEBRA

We are going bo be solving Junctor fixpoinks, FX = X. _Final
coallgz‘l:sms give caronioal solubions to these eguakions. Tritial
algbros work boo, bub they will be less intevesting.

o, A coolgebr. worphism S+ (X, X+Fx) — (Y, B:Y=~FY)
'-’.fi"‘ ngrpkism {:X=Y mk:gptl‘;. Jollowing diagram commufe.

X L.y
Oll 4 13

FX ;TFY

heoreM (lambek), I} the. final conlgebra. easts, it is @ final ficpoint.



COHLGEBRA

How to construct finol coalgebras?

THEOREM (Adamek). the Jollowing Limit exists ond i ed
b F, & s the el coa&gfbrf. g I BER 0E 8 e

lim oy FTA) = limpen (1 = FAEFF EFFH ),

That is, bo compule. 0, fbcpobd:, repentedly afrl_‘, Fand it will converge.

Hopefly



Part 4 : INTENSIONAL STREAMS




CtreaMs aND Stream FuncTions

“A st =(A. A A....) is an element of Ao '.
o e e ey et of B bgther

S(AY2 A =S(N)

Here, A [N .Ser). Stveams should be defined by o funckor S : [N.Ser] — Ser.
We are defining the final toolgebra of &:[[N,Ser], Sexd — [N, Sexl, Serd, given by

¢(5) (A) = Ao % S(A*)

By Adureks Theorem, He condidabe solubion is
lin\“m(ﬂ — ) — -~ ¢“1|¢_...) (M) =

limm.(l' ~A G-—Ao"Aq"—Ao"A{‘Az‘_'") = li‘)n“ 7
ond it is 0. soutin, Aox[1An = [ Ar.




GtreaMs anD Stream FuncTions

' = bY=(Y,Y,%,.)is o funcl:{.ou
:ﬂ 5sm?o“{‘:r&ckg&“§m&n X-of )Eﬂe)r(rlo}_{ "éi?onnel M wilh o stream Junction

from X=X Ko Xs,.) bo YECY. Vo Ys0.),
TO= L bom(o M)« T (M XeXa, sV X Vs,

MeSer

bor
°’ ~Ser. We are defining the fiul. oalgebo. of an endofunc
2?&."?55&%?&12&{?23 - ?&.Seﬂt [N.SET],SEA given by

¢(T)(X .‘/) = 2 hom(Xo.M*\/o\ x T (M")\..X;,Xs,...;Y..Yz ,Ys,...) .

MeSer









