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OPTICS

A on'L from A b B with o hole
from' X to Y is o puir of morphisms

{A—=XeM,  g¢:YeM—B,

written. 03 <f19>, and, quotienked
by dinakucolity on M:

(fsideh [ @ = {S| (ideh)sg).
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OPTICS Form a CATEGORY
Objects are paiss 3. Compasibion (s
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OPTICS Form & MonowaL CATEGORY
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OPTICS Form & DuoipAL CaTEGORY 7

Seguencing s not an opesion.: "

J [X] s not on objeck, even g
e () () is o, ¢

T|1‘iS is not n.lOﬂOidaL, bul: it s : g
still, promouoidal. J [sl 5 [cl 7 "h
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Sequencing (s not ax gpekion, &
defines o hom-set 1o an object {hak
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PROMonoIDAL CATEGORIES

Fromoroidol. cakegories  provide a. theory of coherenk composition.. |t has

Morphisms, GOXA). C ey
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PROMonoIDAL CATEGORIES

Fromonoidol. calegories  provide. o. theory of coherent composition.. |t has

* Morphisms, G(X:A). A

* Joinks, C(XYsA). % qaz

’ Htoms, c(vsA). Morphism  Jownk Atom
MMM'Q PrOPQ'hj‘

MeG MeG

f C(A;XeM)xC(MsYeZ) = [ C(A;Me2)<C(M:XeY)s

f MlC*:-G(FI;X®M)"€J(I‘1:I) = C(A;X) &
MeG

[€lamox)<cin) = A



Part 2 : Conkext Jor Cakegories




CONTEXT For (ATEGORIES

(onsider ‘expressions with. holes in a. cabegory, ke the following

wesvimsw,  f:mza, azmsb;mscemsd.
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CONTEXT For (ATEGORIES

®
Gn @

w é: = y:f;K;gsvshew
M AT I

Als

These conktexts form 0 promnnoednl mhagoly "'\l_..'[
Av B A B

¢ [J [e] BG-GB



CoNTOUR 15 ADIOINT To SeLice

What is o canonical. algebra of context on bp of 0. colegory?
*Each cabegory gues o cofree promonoidal, confext.
* Eoch promonoidol gwes o free cabegory, confour.
Conbext

——— FeomoNoIDAL
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NEXT

Mon.. Conbext
MoNowaL ———  Feovoipac
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PropuoipAL CATEGORIES

pernimon. A produoidal. is a pair of promonoidals

Vieuis)  VIVEV=Ser,  Wesn):V™=Ser,  “sequentinl”,
Veie): VEVEV-Ser,  V(sx): V'™=Ser, "paralLel”

One loxly distributes over the other, %
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MoNOIDAL CoNTOUR

Contouring produoidal. categories generobes a. monoidal. cabegory.,
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MoNOIDAL CoNTOUR

Contouring produoidal categories generakes o. monoidal category . Example.,




MONOIDAL ConTEXT

Consider ‘expressions with. holes in a. monoidal category, like the following
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MONOIDAL ConTexT
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MoNoIDAL CONTEXT- CoNTOUR

Whak: is o canonical. algebra. of decompusition. on. top of a. monoidal. category?

- Ench monoidal. cabegory gives o cofree produoidal, monoidal context.
* Each produoidal gwes o free moroidal cobegory, monoidal conkour.
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MoNOIDAL ConTEXT

m (EHR'3). Opliced. string dingroms are the cofree pleducical. on o woroidol..
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MissING

opliced. string dingroms have some issues.
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Part 4 NORMALIZATION

0pTICS For  MoNoIDAL (ATEGORIES



NorMALIZING Propuoipals

Moreover

weorem (EHRDD). e can m.ways normolize o, produoidol cabeqor.
J) Prody o LPS an Ldemc;gant

molizokion : Prodvo —

monod. L cons u‘:&:p& o free normalizokio
symmetric produot

n. u'mln.ry for

Every duoidal is indeed normolizable, but the fesult may be a. produoidal.

NV(xXsY) = V(xNeYeN),
NV(X3¥<,2) = V(X;(NoYoN)<(NoZoN)),
NW(Xs¥e,2) = W(X; NeYoNoZeN),
NV(Xsn) =NV(x51) = V(X N),

NV(XsY) = V(xsNeY),
NV(%3Y5,2) = V(x;(NeY)<(NeZ)),
NV(Xs5¥s,2) = Y(x; NoYel),

NVOGN) =NV(X51) = V(X5 N).
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MoNOIDAL  ConTexT

am (EAR'23). Opliced. sting diagroms is the cofree Produadal on a. tonoidal .
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NORMALIZED MoNOIDAL (ConTEXT

m (EAR'Z3).  Monoidal. opics are the fiee vormalization. of 1he Cofree Pradwidal.
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NORMALIZED SYMMETRIC MoNOIDAL ConTexT
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Part H: EXAMPLE




ONE-TIME PaD
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ONE-TIME PRD
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ONE-TIME PAD

Broauibcalrl}:Q Kar\/onen propase o.{ormahzabon of the one-time pad in o
monoidal. category with o. Hopf‘algebra. with an integmt .
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We. can reason. about securily using string diagrams.
5| Broadbent & Korvonen. Galegorical Compusable (ryptography.




ONE-TIME PAD
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ONE-TIME PaD
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ONE-TiME PAD
This is not only about string dingrams; this is about code modulaihy and separabion.

oneTimePad(msg) = do
key <- randomBit

crypt <- xor(msg,key)
msg <- xor(crypt,key)

return msg

Do-nofation. is a synfax for (pre) monoidal ies; following string diagrams.
V?e can umioé sgil:h meosrsagpefpass&tg, mclﬁ.tq;;rhh inko ;mn:tsm

£ Heunen & Jacohs, Hughes, Staton & Levy, Romak .









