
Accepting Normalization
via Markov Magmoids

Elena Di Lavore

Mario Román

Abstract
Normalization is not a distributive. We introduce distribu-

tive sesquilaws to abstract normalization and, from their

axioms, we derive some of its properties. In particular, nor-

malized kernels form a unital magmoid with an action of

the category of subdistributions; its possibilistic analogue

is the action from may-must relations into the category of

relations. We argue that the magmoid of normalized kernels

is the stochastic analog of the category of relations.

Keywords: Categorical semantics, Markov categories, prob-

abilistic programming, tricocycloids.

1 Introduction
1.1 The Quest for Normalized Kernel Composition
Imagine solving the Monty-Hall problem [vS]. We (i) con-
sider the prior probability that a prize is behind any of three

doors; then, we know that (ii) after choosing the middle

door, the host will open a door that cannot be neither the

chosen door nor the one with the prize; (iii) we will observe
that the host opens the middle door; and finally, (iv) we will
renormalize the probabilities.

(𝑖 )
{ 1/3 |𝐿⟩ + 1/3 |𝑀⟩ + 1/3 |𝑅⟩
(𝑖𝑖 )
{ 1/3 |𝐿𝑅⟩ + 1/6 |𝑀𝐿⟩ + 1/6 |𝑀𝑅⟩ + 1/3 |𝑅𝐿⟩
(𝑖𝑖𝑖 )
{ 1/3���|𝐿𝑅⟩ + 1/6 |𝑀𝐿⟩ + 1/6���|𝑀𝑅⟩ + 1/3 |𝑅𝐿⟩
(𝑖𝑣)
{ 1/3 |𝑀𝐿⟩ + 2/3 |𝑅𝐿⟩ .

The phenomenon we seek to study occurs at the last two

steps. We first (iii) obtain something that is not a full dis-

tribution, but only a subdistribution; and (iv) we multiply

everything by a constant— by 2, in this example— to obtain

again a distribution. This interplay between distributions

and subdistributions usually leads us to pick substochastic

kernels for probabilistic programming semantics: functions

𝑋 → 𝐷𝑀𝑌 , for 𝐷 the distribution monad and𝑀 the maybe

monad. These include both distributions and subdistribu-

tions.

However, we may wish to avoid subdistributions: if the

last two steps were compressed into one, there would be

no need for subdistributions. Instead, we could work with

normalized kernels, 𝑋 → 𝑀𝐷𝑌 , consisting of either nothing

or a full distribution. May we compose normalized kernels?

The quest for a category of normalized kernels has brought

us multiple techniques; let us review some here.

(a) Work up-to-scalar. Two subdistributions, 𝑑1, 𝑑2 ∈
𝐷𝑀𝑋 , share their normalization whenever there exists some

positive real number, 𝜆 ∈ R+
, such that 𝑑1 (𝑥) = 𝜆 · 𝑑2 (𝑥).

Working up-to-scalar means bringing this idea to kernels:

we identify two kernels 𝑓1, 𝑓2 : 𝑋 → 𝐷𝑀𝑋 up to scalar mul-

tiplication [SS24, Definition 6.3; PTRSZ25, Definition 2.9];

that is, whenever there exists some positive real, 𝜆 ∈ R+
,

such that

𝑓1 (𝑥 ;𝑦) = 𝜆 · 𝑓2 (𝑥 ;𝑦).
However, unlike subdistributions, substochastic kernels do

have different normalization constants depending on their

input: this quotient does not identify a kernel with its nor-

malization.

(b) Work up-to-parameterized-scalar. The obvious so-
lution is to vary the normalization constant based on the

input to the stochastic kernel. In practice, this means identi-

fying two kernels 𝑓1, 𝑓2 : 𝑋 → 𝐷𝑀𝑋 whenever there exists

some family of positive reals, 𝜆(𝑥) ∈ R+
, satisfying

𝑓1 (𝑥 ;𝑦) = 𝜆(𝑥) · 𝑓2 (𝑥 ;𝑦).
This quotienting does bring us to normalized channels, 𝑋 →
𝑀𝐷𝑌 , but it stops being preserved by composition. In the

abstract setting, the normalized morphisms of any partial

Markov category are not closed under composition [DR23,

Definitions 3.1 and 3.19].

(c) Work up-to-failure. A more radical solution does

yield a category: the so-called black-hole semantics [Fri09,
SW18]. Black-hole semantics arises from a valid distributive

law casting any subdistribution into a distribution,

cast : 𝐷𝑀𝑋 → 𝑀𝐷𝑋 .

The problem is that this distributive law is defined by re-

turns the failure element whenever we do not have a full

distribution.

cast(𝑑) =
{
⊥, if 𝑑 (⊥) > 0;

𝑑, otherwise.

Alas, this distributive law is not helpful here: we would lose

the solution to any probabilistic problem that involves any

subdistribution at any point, for it would automatically be

equated to failure.

The Kleisli category of this distributive law is the category

of partial stochastic kernels,𝑋 → 𝑀𝐷𝑌 , which yields failure

whenever possible. In the abstract setting, partial stochastic

kernels have been developed as the leading example of quasi-

Markov categories [FGL
+
25, Sha25].
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Accepting Normalization. None of these solutions re-
ally constructs a category of normalized kernels. Should we

continue this quest? Have we missed further solutions? For-

tunately, Sokolova and Woracek classified all possible single-

point extensions of distributions [SW18, Theorem 5.1] into

(i) those with imitating behaviour, which identify failure and

an existing element but do not address normalization; (ii)
those with extremal point behaviour, which, like subdistri-
butions, introduce a failure element that does not interact

with the rest; (iii) those with black-hole behaviour, which,
like partial distributions, make all elements adhere to failure.

Instead of trying to escape this classification, this paper

argues that we may accept that normalized kernels do not

form a category: the composition we need is indeed non-

associative. At the same time, that a category structure may

be unnecessary, after all, and that the behaviour of normaliza-

tion may be better approximated by an action of the genuine

category of subdistributions into a magmoid.

2 Normalization
Normalization is difficult to classify categorically. While it

induces a natural transformation that braids the distribution

(𝐷) and maybe (𝑀) monads, n𝑋 : 𝐷𝑀𝑋 → 𝑀𝐷𝑋 , it is not a

distributive law. While it induces an idempotent operation

on substochastic channels, n : Subd(𝑋 ;𝑌 ) → Subd(𝑋 ;𝑌 ), it
is not functorial. While it induces a composition of norma-

lized stochastic channels, n : Norm(𝑋 ;𝑌 ) × Norm(𝑌 ;𝑍 ) →
Norm(𝑋 ;𝑍 ), it is not associative.
Normalization of subdistributions into distributions is a

fundamental operation of probability theory, but it is gener-

ally regarded as ill-behaved [Jac17].

Instead, we could argue its structure is rich: normalization

induces a monoidal magmoid with copy-discard maps and

conditionals; an almost distributive law interacting with the

actual distributive law of subdistributions; and an action

of the category of substochastic channels into normalized

channels.

This paper takes a synthetic approach to normalization.

We organize the algebra of normalization into multiple mo-

noidal category-like structures— a Markov category, a par-

tialMarkov category, a quasi-Markov category, and aMarkov

magmoid— and derive all of it from a specialized interaction

between a distributive law and an almost-distributive law: a

distributive sesquilaw.

2.1 Normalization
Definition 1 (Normalization). Normalization, n𝑋 : 𝐷𝑀𝑋 →
𝑀𝐷𝑋 , is a natural transformation defined by the following

partial function

n(𝑓 ) (𝑥) = 𝑓 (𝑥)∑
𝑥 ′∈𝑋 𝑓 (𝑥 ′) ,

which is undefined, n(𝑓 ) = ⊥, whenever ∑𝑥 ′∈𝑋 𝑓 (𝑥 ′) = 0.

Normalization is monoidal. Indeed, both the finitary distri-

bution monad and the maybe monad are monoidal monads:

their Kleisli categories, Stoch and Par, are both copy-discard

categories. Normalization inherits this compatibility.

Proposition 2 (Normalization is monoidal). Normalization
of two distributions is the normalization of their joint indepen-
dent distribution, n(𝑓 ⊗ 𝑔) = n(𝑓 ) ⊗ n(𝑔).

𝑓 (𝑥) · 𝑔(𝑦)∑
𝑢∈𝑋,𝑣∈𝑌 𝑓 (𝑢) · 𝑔(𝑣) =

𝑓 (𝑥)∑
𝑢∈𝑋 𝑓 (𝑢) ·

𝑔(𝑦)∑
𝑣∈𝑌 𝑔(𝑣)

.

Proof. By calculation, or the discrete Fubini theorem.

n(𝑓 ⊗ 𝑔) (𝑥,𝑦) = 𝑓 (𝑥) · 𝑔(𝑦)∑
𝑢∈𝑋,𝑣∈𝑌 𝑓 (𝑢) · 𝑔(𝑣)

=
𝑓 (𝑥)∑

𝑢∈𝑋 𝑓 (𝑢) ·
𝑔(𝑦)∑
𝑣∈𝑌 𝑔(𝑣)

= n(𝑓 ) ⊗ n(𝑔). □

Were normalization to form a distributive law, its Kleisli

category, Norm, would also be monoidal. The surprising fact

is that normalization fails to form a distributive law, and this

potential Kleisli category is instead a Kleisli magmoid.

2.2 The normalization magmoid
Definition 3 (Unital magmoid). A unital magmoid—or,

non-associative category— consists of a collection of objects,

A𝑜𝑏 𝑗 , and a set of morphisms, A(𝑋 ;𝑌 ), for each two ob-

jects,𝑋,𝑌 ∈ A𝑜𝑏 𝑗 , endowed with— for each𝑋,𝑌, 𝑍 ∈ A𝑜𝑏 𝑗 —

composition and identity operations

(#) : A(𝑋 ;𝑌 ) × A(𝑌 ;𝑍 ) → A(𝑋 ;𝑍 ), and
id : A(𝑋 ;𝑋 );

that are unital, meaning 𝑓 # id = 𝑓 = id # 𝑓 .

Proposition 4 (Normalization magmoid). Normalized sto-
chastic channels between sets, 𝑋 → 𝑀𝐷𝑌 , form a magmoid—
the normalized distribution magmoid, Norm—where compo-
sition of two morphisms, 𝑓 : 𝑋 → 𝑀𝐷𝑌 and 𝑔 : 𝑌 → 𝑀𝐷𝑍 ,
is defined as

(𝑓 # 𝑔) (𝑥 ; 𝑧) =
∑

𝑣∈𝑌 𝑓 (𝑥 ; 𝑣) · 𝑔(𝑣 ; 𝑧)∑
𝑣∈𝑌

∑
𝑤∈𝑍 𝑓 (𝑥 ; 𝑣) · 𝑔(𝑣 ;𝑤) .

In other words, if we consider the associated substochastic chan-
nels, 𝑓 • : 𝑋 → 𝐷𝑀𝑌 and 𝑔• : 𝑌 → 𝐷𝑀𝑍 , it is the normaliza-
tion of their composition as subdistributions, 𝑓 #𝑔 = n(𝑓 • ;;;𝑔•).

The two ways of associating this composition do give rise

to different results. Arguably, left-associating composition

behaves as expected,

((𝑓 # 𝑔) # ℎ) (𝑥 ;𝑤) =
∑

𝑦,𝑧 𝑓 (𝑥 ;𝑦) · 𝑔(𝑦; 𝑧) · ℎ(𝑧;𝑤)∑
𝑦,𝑧,𝑤 𝑓 (𝑥 ;𝑦) · 𝑔(𝑦; 𝑧) · ℎ(𝑧;𝑤) .
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While right-associating composition may contain different

normalization constants on the numerator and the denomi-

nator, making it impossible to simplify it.

(𝑓 # (𝑔 # ℎ)) (𝑥 ;𝑤) =
∑

𝑦 𝑓 (𝑥 ;𝑦) ·
∑

𝑧 𝑔 (𝑦;𝑧 ) ·ℎ (𝑧;𝑤 )∑
𝑧,𝑤 𝑔 (𝑦;𝑧 ) ·ℎ (𝑧;𝑤 )∑

𝑦,𝑧 𝑓 (𝑥 ;𝑦) ·
∑

𝑧 𝑔 (𝑦;𝑧 ) ·ℎ (𝑧;𝑤 )∑
𝑧,𝑤 𝑔 (𝑦;𝑧 ) ·ℎ (𝑧;𝑤 )

.

Proposition 5. The normalized distribution magmoid is not
a category.

Still, even if not all morphisms associate, some of them do.

All the useful structural morphisms, and all the deterministic

partial functions of this magmoid do associate.

Definition 6 (Associating morphisms of a magmoid). A

morphism of a magmoid, ℎ ∈ A(𝑋 ;𝑌 ), is an associating
morphism when

𝑓 # (ℎ # 𝑔) = (𝑓 # ℎ) # 𝑔

for any compatible pair of morphisms, 𝑓 ∈ A(𝑋 ′
;𝑋 ) and

𝑔 ∈ A(𝑌 ;𝑌 ′).

Proposition 7 (Associating morphisms form a subcategory).
Associating morphisms of a magmoid form a category with
the composition of the original magmoid.

The missing piece is to lift the monoidality of normaliza-

tion to this newly constructed magmoid.

Definition 8 (Strict monoidal magmoid). A strict monoidal
magmoid,A, consists of a monoid of objects, (A𝑜𝑏 𝑗 , ⊗, 𝐼 ), and
a collection of morphisms, A(𝑋 ;𝑌 ), for each two objects,

𝑋,𝑌 ∈ A𝑜𝑏 𝑗 . A strict monoidal magmoid is endowed with

composition, identity, and tensoring operations,

(⊗) : A(𝑋 ;𝑌 ) × A(𝑋 ′
;𝑌 ′) → A(𝑋 ⊗ 𝑋 ′

;𝑌 ⊗ 𝑌 ′);
(#) : A(𝑋 ;𝑌 ) × A(𝑌 ;𝑍 ) → A(𝑋 ;𝑍 );

which must satisfy the following axioms.

1. 𝑓 # id𝑌 = 𝑓 = id𝑋 # 𝑓 ;
2. 𝑓 ⊗ id𝐼 = 𝑓 = id𝐼 ⊗ 𝑓 ;

3. 𝑓 ⊗ (𝑔 ⊗ ℎ) = (𝑓 ⊗ 𝑔) ⊗ ℎ;

4. id𝑋 ⊗ id𝑌 = id𝑋⊗𝑌 ;
5. (𝑓 # 𝑔) ⊗ (𝑓 ′ # 𝑔′) = (𝑓 ⊗ 𝑓 ′) # (𝑔 ⊗ 𝑔′).

Remark 9 (Coherence for monoidal magmoids). Monoidal

magmoids are pseudomonoids of the 2-category ofmagmoids

with magmoid functors and distributing natural transforma-

tions. By the coherence theorem for pseudomonoids [Ver17],

every monoidal magmoid is equivalent to a strict one.

Proposition 10 (Norm is monoidal). The normalized distri-
bution magmoid is monoidal with the cartesian product of sets
and the following partial product of morphisms.

(𝑓1 ⊗ 𝑓2) (𝑥1, 𝑥2;𝑦1, 𝑦2) = 𝑓1 (𝑥1;𝑦1) · 𝑓2 (𝑥2;𝑦2).

3 Distributive Laws
Distributive laws [Bec69], their uses and limitations [ZM20],

are all well-known. Briefly, the composition of two monads

is not a monad again— in general, the tensor of two monoids

is not a monoid again— but distributive laws endow this

composition with monad structure.

Definition 11 (Distributive law [Bec69]). A distributive law
between two monads, (𝑆, 𝜇, 𝜈) and (𝑇, 𝜇, 𝜈), on the same cat-

egory is a natural transformation 𝜓𝑋 : 𝑇𝑆𝑋 → 𝑆𝑇𝑋 that

moreover satisfies the following axioms.

Definition 12 (Monoidal distributive law). A monoidal dis-
tributive law between two monoidal monads is a distributive

law whose natural transformation is monoidal.

Proposition 13. Given two monads, 𝑆 and 𝑇 , a distributive
law between them induces a monad structure on the composite
functor 𝑆 ◦𝑇 . Given two monoidal monads, 𝑆 and 𝑇 , a monoi-
dal distributive law between them induces a monoidal monad
structure on the composite functor 𝑆 ◦𝑇 .

3.1 Subdistributions
Normalized channels can be composed inside a bigger cat-

egory: the category of subdistributions, subStoch. There is
indeed a monoidal distributive law,𝑀𝐷 → 𝐷𝑀 , that gives

rise to it.

Proposition 14 (Subdistributions). Inclusion of normalized
distributions into subdistributions, ( ) : 𝑀𝐷𝑋 → 𝐷𝑀𝑋 , de-
fined on distributions by (⊥)• = 1 |⊥⟩ and 𝑑• = 𝑑 and on
morphisms by 𝑓 • (𝑥 ;𝑦) = 𝑓 (𝑥 ;𝑦), induces a monoidal dis-
tributive law. The monoidal Kleisli category of this distributive
law is the category of subdistributions, subStoch.

Proposition 15 (Renormalization). The following equation
holds in the category of subdistributions.

n(𝑓 ;;; 𝑔) = n(n(𝑓 ) ;;; 𝑔) .
More generally, this equation holds up to almost-sure

equivalence in any partial Markov category [DR23].

Proposition 16. The normalization magmoid admits an ac-
tion from the category of subdistributions,

(≺) : Norm(𝑋 ;𝑌 ) × Subd(𝑌 ;𝑍 ) → Norm(𝑋 ;𝑍 ),
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defined by 𝑝≺ 𝑓 = n(𝑝• ;;; 𝑓 ). That is, 𝑝≺ id = 𝑝 and 𝑝≺(𝑓 ;;;𝑔) =
𝑝 ≺ 𝑓 ≺ 𝑔.

3.2 Partial distributions
Normalized channels are also the morphisms of another

category, albeit with a different composition operation. The

category of partial distributions, ParStoch, composes two

normalized channels, 𝑓 : 𝑋 → 𝑀𝐷𝑌 and 𝑔 : 𝑌 → 𝑀𝐷𝑍 , into

the partial operation

(𝑓 # 𝑔) (𝑥 ; 𝑧) =
{∑

𝑣∈𝑌 𝑓 (𝑥 ; 𝑣) · 𝑔(𝑣 ; 𝑧) when defined,

⊥ elsewhere.

Proposition 17. Failure of any non-total distribution, the nat-
ural transformation (−)⊥ : 𝐷𝑀 → 𝑀𝐷 , defined by 𝑓 ⊥ (𝑥) =
𝑓 (𝑥) · [𝑓 (⊥) = 0] induces a monoidal distributive law. The
Kleisli category of this distributive law is the category of partial
distributions, ParStoch.

Partial distributions are the leading example of quasi-
Markov categories [FGL+25, Sha25]. While the quasi-Markov

category of distributions may play an important role when

avoiding failure, let us agree that it does not address the prob-

lem of normalization: indeed, it marks with failure whenever

a normalization problem is encountered.

4 Distributive Sesquilaws
4.1 Almost-distributive laws
Normalization satisfies all of the axioms of a distributive law,

except for one. We must drop exactly one of the multiplicati-

vity axioms of distributive laws to recover the structure of

normalization.

An almost distributive law could be any candidate dis-

tributive law failing one of the axioms. More specifically,

we could define 𝑆-multiplicative, 𝑆-unital, 𝑇 -multiplicative,

and 𝑇 -unital almost distributive laws, respectively. In this

terminology, a weak distributive law [Str09, GP20] would be

a 𝑇 -unital almost distributive law. For the rest of the text,

however, let us focus on 𝑇 -multiplicative almost distributive

laws, and let us simply call them almost distributive laws.

Definition 18 (Almost distributive law). An almost dis-
tributive law is a candidate distributive law failing the T-

multiplicativity axiom.

Definition 19 (Monoidal almost-distributive law). Amonoi-
dal almost-distributive law between two monoidal monads is

an almost-distributive law whose underlying natural trans-

formation is monoidal.

Proposition 20 (Kleisli magmoid of an almost-distributive

law). Any almost-distributive law induces a magmoid. Any
monoidal almost-distributive law induces a monoidal mag-
moid.

The monoidal almost-distributive law of normalization

induces the Kleisli monoidal magmoid, Norm. It remains to

study how it interacts with the actual distributive laws that

describe subdistributions and partial distributions.

4.2 Distributive Sesquilaws
Normalization satisfies all the axioms for a distributive law

𝐷𝑀 → 𝑀𝐷 except for the 𝐷-multiplicativity axiom: as a

result, its Kleisli construction is a non-associative category.

However, normalization still satisfies n(n(𝑓 ) # 𝑔) = n(𝑓 #
𝑔), if we reinterpret each non-failing element of𝑀𝐷𝑋 as a

distribution in 𝐷𝑋 . This follows from the 𝐷-multiplicativity

axiom holding up-to-an-idempotent: the distributive law of

subdistributions,𝑀𝐷 → 𝐷𝑀 , is the partial inverse inducing

this idempotent.

Distributive sesquilaws abstract this situation into a single

equation. This single equation is exactly multiplicativity up

to the idempotent determined by the two distributivity law

candidates. Black-hole semantics form another distributive

sesquilaw.

Definition 21 (Distributive sesquilaw). A distributive ses-
quilaw between two monads, ( , , 𝑆,𝑇 ), consists of a dis-
tributive law ( ) : 𝑆𝑇 → 𝑇𝑆 and a T-multiplication almost

distributive law ( ) : 𝑇𝑆 → 𝑆𝑇 that satisfy any of the fol-

lowing two equivalent equations.

A distributive sesquilaw is enough to prove most of the

facts of normalization we care about.

Proposition 22 (Renormalization). Any distributive sesqui-
law, ( , , 𝑆,𝑇 ), induces an idempotent, ( # ) : 𝑇𝑆 → 𝑇𝑆 .
This idempotent is left-absorptive, meaning that the following
equation holds.

Figure 1. Renormalization equation.

Theorem 23. Any distributive sesquilaw, ( , , 𝑆,𝑇 ), in-
duces an action of 𝑇𝑆 into 𝑆𝑇 , defined as follows.
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This is a general phenomenon for distributive sesquilaws.

Theorem24. In the setting of a distributive sesquilaw, ( , ),
the Kleisli category of the distributive law acts on the Kleisli
magmoid of the non-multiplicative distributive law.

5 Guarded Choice and Tricocycloids
Finally, this section opens this framework to a very gen-

eral notion of normalization: that described by tricocycloids

[Gar18]. This includes the possibilistic case of relations and

yields an important connection: distributions are to total

relations what the normalization magmoid is to the category

of relations.

5.1 Guarded choice from tricocycloids
Conisder an algebraic theory containing a family of guards:

binary operations, (⊕𝑝 ), parameterized by some set of choices,

𝑝 ∈ 𝐻 . These choices may be a probability of choosing the

left side— say 𝑝 = 0.4— or just awitness of non-determinism—

say 𝑝 = {𝐿, 𝑅}. By convention, we avoid the two constant

choices, as these can always be reduced, 𝑥 ⊕𝐿 𝑦 = 𝑥 and

𝑥 ⊕𝑅 𝑦 = 𝑦. Thus, while our probabilistic example requires

𝐻 = (0, 1); our possibilistic example only requires 𝐻 = {∗}.
Guards have an algebra of themselves [SFH

+
19]. At the

very least, we expect them to allow rewriting by commu-

tativity, and associativity. That is, there must exist a unary

commutator (∗) and two binary associators (•, ◦) satisfying
the following equations.

1. 𝑥 ⊕𝑝 𝑦 = 𝑦 ⊕𝑝∗ 𝑥 ;

2. (𝑥 ⊕𝑞 𝑦) ⊕𝑝 𝑧 = 𝑥 ⊕𝑝•𝑞 (𝑦 ⊕𝑝◦𝑞 𝑧).
To allow rewriting in the opposite direction, the commu-

tator must be bijective and the associators must be jointly

bijective—meaning that each pair (𝑝, 𝑞) must be of the form

(𝑟 • 𝑠, 𝑟 ◦ 𝑠) for exactly one pair (𝑟, 𝑠).
The previous equations allow us to arbitrarily move and

regroup variables. For instance, for term depending non-

trivially on 𝑛 + 𝑚 variables, 𝑡 (𝑥1, ..., 𝑥𝑛, 𝑦1, ..., 𝑦𝑚), we can

always find terms 𝑡1 (𝑥1, ..., 𝑥𝑛) and 𝑡2 (𝑦1, ..., 𝑦𝑚) — depend-

ing on the first 𝑛 and the last𝑚 variables — such that

𝑡 (𝑥1, ..., 𝑥𝑛, 𝑦1, ..., 𝑦𝑚) = 𝑡1 (𝑥1, ..., 𝑥𝑛) ⊕𝑝 𝑡2 (𝑦1, ..., 𝑦𝑚),
for some guard 𝑝 . In particular, for a non-trivial subdistribu-

tion 𝑡 (𝑥1, ..., 𝑥𝑛,⊥), we can always find a term𝑛(𝑡) (𝑥1, ..., 𝑥𝑛)—
its normalization— such that

𝑡 (𝑥1, ..., 𝑥𝑛,⊥) = 𝑛(𝑡) (𝑥1, ..., 𝑥𝑛) ⊕𝑣 𝑘 (⊥).
The guard of this normalization 𝑣 is called the validity.

5.2 Confluence
Still, it remains to show that this rewriting system is con-

fluent: it could be that different rewritings yield different

guards; and we have not shown that these are unique. For-

tunately, coherence for rewriting by symmetry and associa-

tivity is solved: it is well-known that MacLane’s pentagon

and hexagon equations [ML71] are all that is needed for

symmetric coherence.

Remark 25. Consider rewriting according to MacLane’s pen-

tagon.

((𝑥 ⊕𝑟 𝑦) ⊕𝑞 𝑧) ⊕𝑝 𝑤 ↦→
(𝑥 ⊕𝑞•𝑟 (𝑦 ⊕𝑞◦𝑟 𝑧)) ⊕𝑝 𝑤 ↦→
𝑥 ⊕𝑝•(𝑞•𝑟 ) ((𝑦 ⊕𝑞◦𝑟 𝑧) ⊕𝑝◦(𝑞•𝑟 ) 𝑤) ↦→
𝑥 ⊕𝑝•(𝑞•𝑟 ) (𝑦 ⊕(𝑝◦(𝑞•𝑟 ) )•(𝑞◦𝑟 ) (𝑧 ⊕(𝑝◦(𝑞•𝑟 ) )◦(𝑞◦𝑟 ) 𝑤)) .

((𝑥 ⊕𝑟 𝑦) ⊕𝑞 𝑧) ⊕𝑝 𝑤 ↦→
(𝑥 ⊕𝑟 𝑦) ⊕𝑝•𝑞 (𝑧 ⊕𝑝◦𝑞 𝑤) ↦→
𝑥 ⊕(𝑝•𝑞)•𝑟 (𝑦 ⊕(𝑝•𝑞)◦𝑟 (𝑧 ⊕𝑝◦𝑞 𝑤)) .

From this critical pair, we obtain the following equations.

1. 𝑝 • (𝑞 • 𝑟 ) = (𝑝 • 𝑞) • 𝑟 ;
2. (𝑝 • 𝑞) ◦ 𝑟 = (𝑝 ◦ (𝑞 • 𝑟 )) • (𝑞 ◦ 𝑟 );
3. 𝑝 ◦ 𝑞 = (𝑝 ◦ (𝑞 • 𝑟 )) ◦ (𝑞 ◦ 𝑟 ).

Remark 26. Consider rewriting according toMacLane’s hexagon.

(𝑥 ⊕𝑞 𝑦) ⊕𝑝 𝑧 ↦→
𝑥 ⊕𝑝•𝑞 (𝑦 ⊕𝑝◦𝑞 𝑧) ↦→
(𝑦 ⊕𝑝◦𝑞 𝑧) ⊕(𝑝•𝑞)∗ 𝑥 ↦→
𝑦 ⊕(𝑝•𝑞)∗•(𝑝◦𝑞) (𝑧 ⊕(𝑝•𝑞)∗◦(𝑝◦𝑞) 𝑥).

(𝑥 ⊕𝑞 𝑦) ⊕𝑝 𝑧 ↦→
(𝑦 ⊕𝑞∗ 𝑥) ⊕𝑝 𝑧 ↦→
𝑦 ⊕𝑝•𝑞∗ (𝑥 ⊕𝑝◦𝑞∗ 𝑧) ↦→
𝑦 ⊕𝑝•𝑞∗ (𝑥 ⊕(𝑝◦𝑞∗ )∗ 𝑧) .

From this critical pair, we obtain the following equations.

1. (𝑝 • 𝑞)∗ • (𝑝 ◦ 𝑞) = 𝑝 • 𝑞∗;
2. (𝑝 • 𝑞)∗ ◦ (𝑝 ◦ 𝑞) = (𝑝 ◦ 𝑞∗)∗.
These algebraic structures go back to Street, under the

name of symmetric tricocycloids [Str98, Gar18].

Definition 27 (Symmetric tricocycloid). A symmetric trico-
cycloid, (𝐻, •, ◦, •−1, ◦−1, ∗), is a set endowedwith four binary
operations and a unary operation satifying the following ax-

ioms.

1. 𝑝∗∗ = 𝑝;

2. (𝑝 • 𝑞) •−1 (𝑝 ◦ 𝑞) = 𝑝;

3. (𝑝 • 𝑞) ◦−1 (𝑝 ◦ 𝑞) = 𝑞;

4. (𝑝 • 𝑞)∗ • (𝑝 ◦ 𝑞) = 𝑝 • 𝑞∗;
5. (𝑝 • 𝑞)∗ ◦ (𝑝 ◦ 𝑞) = (𝑝 ◦ 𝑞∗)∗;
6. 𝑝 • (𝑞 • 𝑟 ) = (𝑝 • 𝑞) • 𝑟 ;
7. (𝑝 • 𝑞) ◦ 𝑟 = (𝑝 ◦ (𝑞 • 𝑟 )) • (𝑞 ◦ 𝑟 );
8. 𝑝 ◦ 𝑞 = (𝑝 ◦ (𝑞 • 𝑟 )) ◦ (𝑞 ◦ 𝑟 ).

Example 28 ([Gar18]). The open interval, (0, 1), is a symmet-

ric tricocycloid with operations given by

𝑝∗ = 1 − 𝑝; 𝑝 • 𝑞 = 𝑝 · 𝑞; 𝑝 ◦ 𝑞 =
𝑝 (1 − 𝑞)
1 − 𝑝𝑞

.



Elena Di Lavore and Mario Román

The singleton is the terminal symmetric tricocycloid.

Definition 29 (Lawvere theory induced by a tricocycloid).
The Lawvere theory induced by a symmetric tricocycloid

(𝐻, •, ◦, ∗) contains a binary operation, (⊕𝑝 ) ∈ O(2), for
each element of the tricocycloid, 𝑝 ∈ 𝐻 , and satisfies the

following equations:

1. idempotency, 𝑥 ⊕𝑝 𝑥 = 𝑥 ;

2. commutativity, 𝑥 ⊕𝑝 𝑦 = 𝑦 ⊕𝑝∗ 𝑥 ;

3. interchange, (𝑥 ⊕𝑝𝑦) ⊕𝑞 (𝑢⊕𝑝 𝑣) = (𝑥 ⊕𝑞𝑢) ⊕𝑝 (𝑦⊕𝑞 𝑣);
4. and associativity, (𝑥 ⊕𝑞 𝑦) ⊕𝑝 𝑧 = 𝑥 ⊕𝑝•𝑞 (𝑦 ⊕𝑝◦𝑞 𝑧).

As a consequence, each symmetric tricocycloid induces a

finitary monad, 𝐷𝐻 : Set → Set.

Lemma 30. The Lawvere theory induced by a symmetric
tricocycloid is commutative. Thus, the finitary monad of a
symmetric tricocycloid is monoidal.

Theorem 31. The Kleisli category of the finitary monad
𝐷𝐻 : Set → Set induced by a symmetric tricocycloid is a
Markov category with conditionals.

Theorem 32. A finitary monad, 𝐷𝐻 : Set → Set, associated
to a symmetric tricocycloid, 𝐻 , admits a distributive law from
the Maybe monad, sub : 𝑀𝐷𝐻 → 𝐷𝐻𝑀 , and two sections to
it, quas : 𝐷𝐻𝑀 → 𝑀𝐷𝐻 and norm : 𝐷𝐻𝑀 → 𝑀𝐷𝐻 , with
the first one forming a distributive law and both forming a
distributive sesquilaw.

Proof sketch. It is well-known that the Maybe monad— and

more generally, the Exception monad—distributes over any

other monad [ZM20] with the obvious map sub : 𝑀𝐷𝐻 →
𝐷𝐻𝑀 . It remains to check the axiom of distributive sesquilaws

for the second transformation. □

6 Stochastic relations
6.1 The Quest for Stochastic Relations
Parallel to the quest for a category of normalized kernels is

the quest for a category of stochastic relations. The category

of stochastic relations would have applications all across

computer science— in process semantics, program logics, or

process calculi — if only it were to exist.

(a) Distributions are stochastic non-empty relations.
Naively, we could think that distributions are already a good

notion of stochastic relations. Mapping each distribution

to its support, 𝐷𝑋 → 𝑃𝑋 , does define a monad morphism.

However, something is off: this functor is not full, its image

consists only of the non-empty relations. If we call 𝑁 to

the non-empty relations monad, only supp: 𝐷𝑋 → 𝑁𝑋 is

surjective.

(b) Subdistributions are not stochastic relations. To
address the previous problem, we may add failure: adding

failure to distributions results in subdistributions. Indeed,

Panangaden [Pan99] defines stochastic relations to be sub-

stochastic Markov kernels.

Still, we may realize that subdistributions do not handle

failure as relations do. Indeed, apart from the usual category

of relations, there are two important categories of relations

that get relatively less attention: subrelations (known as

May-Must relations) and quasirelations (known as Dijkstra
relations). It is easy to fall into these when trying to recover

relations. We will show that subdistributions are stochastic

subrelations, while quasidistributions are stochastic quasire-

lations.

Accepting the magmoid of stochastic relations. From
this point of view, there seems to be no real analogue to the

category of relations. That is, unless we are open to accept

that the analogue is not a category but merely a magmoid.

From this point of view, normalized kernels are stochastic

relations. Let us justify this correspondence.

6.2 Support as a morphism of tricocycloids
Probability and possibility are related by taking supports.

The support of a distribution consists of the subset of possible

outcomes, forgetting about the specific probabilities of any

of them.

Definition 33 (Support). The support of a distribution de-

fines a natural transformation, supp : 𝐷 → 𝑁 , given by

supp(𝑑) = {𝑥 | 𝑑 (𝑥) > 0}. Note that, because it is a dis-

tribution, the set is always non-empty.

Support can be explained a morphism of tricocycloids,

inducing a morphism of Lawvere theories, and inducing

functors between the respective categories.

Proposition 34 (Terminal tricocycloid). The terminal sym-
metric tricocycloid is the singleton set.

Let us compare two symmetric tricocycloids, the proba-

bilistic tricocycloid— the interval (0, 1)—and the possibilis-

tic tricocycloid— the singleton {∗}. The monad associated

to the terminal tricocycloid is the monad of non-empty rela-

tions, which we denote by 𝑁 ; the monad associated to the

interval tricocycloid is the finitary distribution monad. Sup-

ports of distributions compose as total relations; supports of

subdistributions compose as may-must relations; supports

of partial distributions compose by Dijkstra composition of

relations; and normalized distributions compose as relations.

Definition 35 (May-Must). The category mmRel of May-

Must relations has as morphisms the channels 𝑓 : 𝑋 →
𝑁𝑀𝑌 , and composition (;;;) is defined by

(𝑓 ;;; 𝑔) (𝑥 ; 𝑧) = ∃𝑦∈𝑌 𝑓 (𝑥 ;𝑦) ∧ 𝑔(𝑦; 𝑧),
(𝑓 ;;; 𝑔) (𝑥 ;⊥) = 𝑓 (𝑥 ;⊥) ∨ ∃𝑦∈𝑌 𝑓 (𝑥 ;𝑦) ∧ 𝑔(𝑦;⊥).

Proposition 36 (Support). Support extends to a functor

supp: subStoch → mmRel.

Definition 37 (Dijkstra relations). The category dkRel of Di-
jkstra relations has morphisms the channels 𝑓 : 𝑋 → 𝑀𝑁𝑌
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and composition (★) is partially defined by

(𝑓 ★𝑔) (𝑥 ; 𝑧) = ∃𝑦∈𝑌 𝑓 (𝑥 ;𝑦) ∧ 𝑔(𝑦; 𝑧)
but resulting in failure whenever ∃𝑦∈𝑌 𝑓 (𝑥 ;𝑦) ∧ 𝑔(𝑦,⊥).

Proposition 38 (Support). Support extends to a functor

supp: ParStoch → dkRel.

Finally, the following extension justifies the magmoid of

normalized stochastic kernels as a valid notion of stochastic

relation.

Proposition 39. Support extends to a functor of magmoids

supp: Norm → Rel.

In summary, we have the following table relating (i) dis-
tributions to non-empty relations, (ii) subdistributions to
May-Must relations, (iii) partial distributions to Dijkstra re-

lations, and (iv) normalized distributions to relations.

Kleisli Monad Kleisli Monad

Stoch Dist RelTot 𝑃𝑛𝑒
subStoch 𝐷≤1 mmRel 𝑃𝑀
ParStoch 𝐷⊥ dkRel 𝑃𝐷
Norm 𝐷𝑁 Rel 𝑃

Arguably, then, a valid notion of stochastic relations is

that of normalized stochastic channels. Taking this point of

view seriously, the magmoid of relations happens to be a

category, but we should not expect the same from stochastic

relations. Let us accept that stochastic relations form only a

magmoid.
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A Proofs for Section 2 (Normalization)
Proposition 5. The normalized distribution magmoid is not
a category.

Proof. Let us produce a concrete counterexample. Consider

a coin flip, 𝑓 = 1/2 |𝑎⟩ + 1/2 |𝑏⟩, followed by a channel

that marks it with two different failure probabilities 𝑔(𝑎) =
1/3 |𝑥⟩ +2/3 |𝑧⟩ and 𝑔(𝑏) = 1/2 |𝑎⟩ +1/2 |𝑏⟩, and followed by
a channel that fails, ℎ(𝑥) = |𝑥⟩ and ℎ(𝑦) = |𝑦⟩, but ℎ(𝑧) = 0.

In this case, we have (𝑓 # 𝑔) # ℎ ≠ 𝑓 # (𝑔 # ℎ), because of
the following computation for the left-hand side,

𝑓
{ 1/2 |𝑎⟩ + 1/2 |𝑏⟩
𝑔
{ 1/6 |𝑥⟩ + 2/6 |𝑧⟩ + 1/4 |𝑦⟩ + 1/4 |𝑧⟩
ℎ
{ 2/5 |𝑥⟩ + 3/5 |𝑦⟩ .

But we have that the right-hand side composition amounts

to (𝑔 #ℎ) (𝑎) = 1 |𝑥⟩ and (𝑔 #ℎ) (𝑏) = 1 |𝑦⟩, and thus the result
is 1/2 |𝑥⟩ + 1/2 |𝑦⟩. □

Proposition 7 (Associating morphisms form a subcategory).
Associating morphisms of a magmoid form a category with
the composition of the original magmoid.

https://web.archive.org/web/20130121183432/http://marilynvossavant.com/game-show-problem/
https://web.archive.org/web/20130121183432/http://marilynvossavant.com/game-show-problem/


Elena Di Lavore and Mario Román

Proof. Let us first note that the identity is associating,

(𝑓 # id) # 𝑔 = 𝑓 # 𝑔 = 𝑓 # (id # 𝑔).
And let us then note that, if two compatible morphisms, ℎ1
and ℎ2, are associating, then their composition, ℎ1 #ℎ2, is also
associating.

(𝑓 # (ℎ1 # ℎ2)) # 𝑔
(i)
= ((𝑓 # ℎ1) # ℎ2) # 𝑔
(ii)
= (𝑓 # ℎ1) # (ℎ2 # 𝑔)
(iii)
= 𝑓 # (ℎ1 # (ℎ2 # 𝑔))
(iv)
= 𝑓 # ((ℎ1 # ℎ2) # 𝑔).

Where we have used (i,iii) that ℎ1 is associating; and (ii,iv)
that ℎ2 is associating. □

Proposition 10 (Norm is monoidal). The normalized distri-
bution magmoid is monoidal with the cartesian product of sets
and the following partial product of morphisms.

(𝑓1 ⊗ 𝑓2) (𝑥1, 𝑥2;𝑦1, 𝑦2) = 𝑓1 (𝑥1;𝑦1) · 𝑓2 (𝑥2;𝑦2).

Proof. Most equations are direct to check; let us check that

it satisfies the interchange law.

((𝑓1 ⊗ 𝑓2) # (𝑔1 ⊗ 𝑔2)) (𝑥1, 𝑥2; 𝑧1, 𝑧2) =∑
𝑦1,𝑦2

𝑓1 (𝑥1;𝑦1) · 𝑓2 (𝑥2;𝑦2) · 𝑔1 (𝑦1; 𝑧1) · 𝑔2 (𝑦2; 𝑧2)∑
𝑦1,𝑦2,𝑧1,𝑧2

𝑓1 (𝑥1;𝑦1) · 𝑓2 (𝑥2;𝑦2) · 𝑔1 (𝑦1; 𝑧1) · 𝑔2 (𝑦2; 𝑧2)
=∑

𝑦1
𝑓1 (𝑥1;𝑦1) · 𝑔1 (𝑦1; 𝑧1)∑

𝑦1,𝑧1
𝑓1 (𝑥1;𝑦1) · 𝑔1 (𝑦1; 𝑧1)

·
∑

𝑦2
𝑓2 (𝑥2;𝑦2) · 𝑔2 (𝑦2; 𝑧2)∑

𝑦2,𝑧2
𝑓2 (𝑥2;𝑦2) · 𝑔2 (𝑥2; 𝑧2)

=

(𝑓1 # 𝑔1) (𝑥1; 𝑧1) · (𝑓2 # 𝑔2) (𝑥2; 𝑧2).
We use (i) the definition of the composition and tensor, (ii)
distributivity of products over sums, and (iii) the definition
of composition and tensor, again. □

B Proofs for Section 3 (Distributive Laws)
Proposition 15 (Renormalization). The following equation
holds in the category of subdistributions.

n(𝑓 ;;; 𝑔) = n(n(𝑓 ) ;;; 𝑔).

Proposition 16. The normalization magmoid admits an ac-
tion from the category of subdistributions,

(≺) : Norm(𝑋 ;𝑌 ) × Subd(𝑌 ;𝑍 ) → Norm(𝑋 ;𝑍 ),
defined by 𝑝≺ 𝑓 = n(𝑝• ;;; 𝑓 ). That is, 𝑝≺ id = 𝑝 and 𝑝≺(𝑓 ;;;𝑔) =
𝑝 ≺ 𝑓 ≺ 𝑔.

Proof. The result follows from the application of Theorem 15.

𝑝≺(𝑓 #𝑔) = n(𝑝◦#𝑓 #𝑔) = n(n(𝑝◦#𝑓 )#𝑔) = n(𝑝◦#𝑓 )≺𝑔 = 𝑝≺𝑓 ≺𝑔.
□

C Proofs for Section 4 (Distributive
Sesquilaws)

Proposition 22 (Renormalization). Any distributive sesqui-
law, ( , , 𝑆,𝑇 ), induces an idempotent, ( # ) : 𝑇𝑆 → 𝑇𝑆 .
This idempotent is left-absorptive, meaning that the following
equation holds.

Figure 2. Renormalization equation.

Proof. Let us prove a slightly stronger equation where we

omit the lsat composition with the distributive law ( ). In

Section C, we use (i) the multiplicativity axiom, (ii) the dis-
tributive sesquilaw equation, (iii) that distributive sesquilaws
are inverses, (iv) the distributive sesquilaw equation, (v) the
multiplicativity axiom.

This concludes the proof. □

Theorem 23. Any distributive sesquilaw, ( , , 𝑆,𝑇 ), in-
duces an action of 𝑇𝑆 into 𝑆𝑇 , defined as follows.

Proof. We reason by string diagrams (Figure 3). We use (i)
the multiplicativity axiom, (ii) that distributive swaps are
inverses, (iii) the distributive sesquilaw equation, (iv) the
multiplicativity axiom, (v) the multiplicativity of the dis-

tributive law, (vi) associativity of the monad, and (vii,viii)
the multiplicativity of the distributive law.

This concludes the proof. □



Accepting Normalization

Figure 3. Proof of the multiplicativity of the action induced by a distributive sesquilaw.
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